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FINITE GROUPS WITH SYLOW 2-SUBGROUPS
OF CLASS TWO. I
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ROBERT GILMAN AND DANIEL GORENSTEIN

ABSTRACT. In this paper we classify finite simple groups whose Sylow
2-subgroups have nilpotency class two.

1. Introduction. In this paper we shall determine all finite simple groups
with Sylow 2-subgroups of nilpotency class 2. Specifically we shall prove

MAIN THEOREM. If G is a finite group with Sylow 2-subgroups of class
2, then G is isomorphic to one of the following groups: L,(q),q =17,
9 (mod 16), 4,, Sz2(2"), U;(2"), L;(2"), or PSp(4,2"), n = 2.

The proof of the theorem is carried out by contradiction. A minimal
counterexample G is thus a simple group whose proper subgroups have compo-
sition factors which are either isomorphic to groups listed in the Main Theorem or
else have abelian Sylow 2-subgroups. Since all simple groups with abelian Sylow
2-groups have been determined in [23] and [24], it follows that every composi-
tion factor of every proper subgroup of G is isomorphic to one of a specified
set of known simple groups. The goal of the analysis is then to prove that G
itself must be isomorphic to one of the groups listed in the Main Theorem, so that
no counterexample exists.

If we invoke Goldschmidt’s theorem [11], and the Alperin-Brauer-Goren-
stein theorem [1], we see that G must also satisfy the following conditions:

(a) A Sylow 2-subgroup S of G does not possess a nontrivial abelian
subgroup which is strongly closed in § with respect to G; and

(b) G has 2-rank at least 3.

For brevity, let us say that a simple group with Sylow 2-subgroups of class
2 is restricted provided

(1) The composition factors of every proper subgroup of G are isomor-
phic to known simple groups with Sylow 2-subgroups of class at most 2; and

(2) G satisfies conditions (a) and (b) above.

Thus our Main Theorem really follows from the classification of restricted
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simple groups with Sylow 2-subgroups of class 2. We carry out this classification in
two stages:

THEOREM A. If G is a restricted simple group with Sylow 2-subgroups of
class 2, then every 2-local subgroup of G is 2-constrained and has a trivial core.

THEOREM B. If G is a restricted simple group with Sylow 2-subgroups of
class 2 in which every 2-local subgroup is 2-constrained and has a trivial core, then
G = L4(2") or PSp(4,2") for some n=2.

Part I of this paper is devoted to a proof of Theorem A and Part I to a
proof of Theorem B.

Theorem A is proved by contradiction. Since G has Sylow 2-subgroups of
class 2 and 2-rank at least 3, SCN,(2) is nonempty in G. It follows therefore
from a theorem of Gorenstein-Walter [19] that the centralizer of some involution
of G is not 2-constrained. Thus, in effect, Theorem A deals with the case of the
Main Theorem in which the centralizer of some involution has a “component”.
The proof of Theorem A is divided into three major parts, as follows:

(1) The low 2-rank cases. The centralizer of every involution of G is
either 2-constrained or has 2-rank at most 4.

(I1) The odd component case. The centralizer of some involution of G
has 2-rank at least 5 and possesses a component isomorphic to a group of Lie
type of odd characteristic.

(II1) The even component case. The components of the centralizer of every
involution of G are isomorphic to groups of Lie type of characteristic 2.

REMARK. For technical reasons, the group A, is here regarded to be of
odd type, while L,(9) is considered to be of even type. On the other hand,
the oddness or evenness of components isomorphic to L,(5) (= L,(4)) is made
a function of their embedding in the centralizers of the involutions of G.

The analysis in Case (I) (§5) is primarily fusion-theoretic and rests ultimately
on the fact that a Sylow 2-subgroup S of G does not possess a nontrivial abel-
ian subgroup which is strongly closed in S with respect to G.

On the other hand, the analysis of Cases (II) and (III) (§§6, 7 for case II
and § §8, 9 for Case III) consists of an elaborate application of the so-called
signalizer functor method, which has at its base the Gorenstein-Goldschmidt signal-
izer functor theorem [14], [9], [10]. In Case (II), we are able to prove that G
is 3-balanced in the sense of [15] and [20], so one must work with elementary
abelian 2-subgroups of G of rank at least S to be able to assert, in general, that
A-signalizer functors exist on G. Moreover, for effective application of the signal-
izer functor method, we need to be able to choose A4 so that the centralizer of
some involution of 4 has a component of odd type. Furthermore, even in Case
(III), where we can establish 1-balance, it is very convenient to be able to choose



SYLOW 2-SUBGROUPS OF CLASS TWO. I 3

A of rank at least 5 such that the centralizer of some involution of A is not
2-constrained. It is for these reasons that Case (I) has to be treated separately in
the signalizer functor approach.

We should point out that it is very likely that a shorter and more unified
proof of Theorem A—perhaps considerably shorter—could have been given if we
had chosen to follow the Bender method instead. Although that method makes
use of some form of Glauberman’s ZJ-theorem, which is valid only if the appropri-
ate subgroups of G are suitably p-stable, p an odd prime, we could have estab-
lished the required p-stability results in the present problems. Indeed, the only
components which present any difficulty here are the groups SL(2, p™), which
are not p-stable. However, a very simple fusion argument (§4) allows us, at the
very outset, to exclude these groups from the list of possible components in the
centralizer of any involution of G. It was our hope that in following the signal-
izer functor approach here, we would acquire a deeper understanding of how to
apply it in the non 2-constrained cases of more general classification problems con-
cerning simple groups.

Ultimately the proof of Theorem A rests upon very detailed properties of the
known simple groups with Sylow 2-subgroups of class 2. These properties together
with an outline of all the general machinery of the signalizer functor method is
given in §2. This section, which is very long, includes as well a variety of other
preliminary results which we need and, in particular, a formulation of Goldschmidt’s
refinement [8] of Alperin’s fusion theorem for groups with class 2 Sylow 2-sub-
groups.

Finally completing our description of the contents of Part I, §3 gives a few
additional general properties of a group G which satisfies the assumptions of
Theorem A.

2. Preliminary results. In this very long section we collect all the general
and specialized results of a preliminary nature that we shall need for the paper.

Notation. We first describe some notation we shall use, most of which is
standard.

S(G) is the set of Sylow 2-subgroups of the group G;

I1(G) is the set of involutions of G;

E(G) is the set of elementary abelian 2-subgroups of G;

E,(G) is the set of elements of E(G) of 2-rank r;

m(G) is the 2-rank of G—i.e. the maximum rank of an element of E(G);

M(G) is the set of elements of E(G) of maximal rank;

N(G) is the set of elements of E(G) maximal under inclusion; (clearly
M(G) S NG)):;

Ez,l denotes an elementary abelian group of order 27";
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Z,, denotes cyclic group of order m;

Dy denotes a dihedral group of order 8;

Qg denotes a quaternion group of order 8;

S,, denotes a symmetric group of degree m.

In addition, we adopt the following convention: If X, Y are subgroups of G
with XY and D is a subset of G which normalizes both X and Y, then
Cy,x (D) will denote the centralizer in Y/X of the image of D in Aut(Y/X).
Likewise we shall regard the elements of D as determining automorphisms of
Y/X.

We also use the so-called “bar” convention for homomorphic images.

2-groups of class 2. The following result of Goldschmidt [7], although not
actually essential for the paper, is nevertheless very useful and will provide some
technical simplifications of both our notation and argument.

(2.1) If G is a simple group with Sylow 2-subgroup S of class 2, then
Z(S) is elementary.

Hence in proving our Main Theorem, we can restrict ourselves to the case in
which a Sylow 2-subgroup of G has an elementary center. As a result we shall
only require properties of 2-groups which satisfy this condition.

Let then S be a 2-group of class 2 with Z(S) elementary. The following
facts are trivial to verify:

(22) ®(S)=(S", BI(5)) C Z(S) and every subgroup of S containing
Z(S) is normal in S.

If A€ N(S),then 4 D Q,(Z(S)) = Z(S) and so we have, in particular:

(2.3) If 4 € N(G), then 4 < S. Moreover, if m(S) =r, then SCN,(S)
is nonempty.

If T is a subgroup-of S, then clearly Z(T) need not be elementary, but
necessarily Z(T') contains T' and U!(T). Furthermore, we have:

(24) If T is a subgroup of S such that Cg(T)C T, then T<IS and
S/, (Z(T)) is elementary abelian.

PrROOF. Our assumption implies that Z(S) C T, whence T<1 S and
Z(S) C 9,(Z(T)). But then also §' and T!(S) liein £,(Z(T)) and conse-
quently S/Q,(Z(T)) is elementary abelian, as asserted.

Next we prove

(2.5) If T is an extra-special normal subgroup of S, then

§ = TC4(T).
PROOF. Setting S = S/Z(T), S must centralize T as S has class 2. The

result now follows from [12, 5.4.6].
Finally we recall from [15] that two elements 4, B of E(S) of rank at
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least k are said to be k-connected if there exists a sequence of elements of
E(S) of rank at least k

A=A4,4,,°-,A,=B
such that, for 1 <i<n — 1, either
A;CApyy or 4;,,CA

Moreover, S is said to be k-connected if each such pair A, B is k-connected.

We shall need

(2.6) If m(S) =5, then S is 3-connected.

Proor. (Here S is, of course, our 2-group of class 2.) Clearly 3-con-
nectedness defines an equivalence relation among pairs of elements of E(S) of
rank at least 3. From this we easily see that it suffices to treat the case in which
A € M(S) and B € N(S). In particular, m(4) =m(S)>5 and A4, B are nor-
mal in S.

Let m(4 N B) =r; as 2,(Z(S)) C A N B, we may assume r = 1 or 2.
Since A and B are normalin S, b €EB - A actson A and centralizes
A/(A N B). It follows that |4 NB| >[4, b] | > |A: C,®). If r=1, then
|4: C4(b)l <2 and for any two involutions by, b, €EB — 4, |A: C,(b,, b,))|
< 4. The sequence 4, = A, A, =(b,, b,, C,({by, b,))),and A5 =B has
the required properties. When r = 2, it suffices to pick b €B — 4 and change
A, to (b, C,(b)).

Components. We recall from [15] and [20] that a quasisimple group is
a perfect central extension of a simple group and a (quasi)semisimple group is a
central product of quasisimple groups. Moreover, any group H possesses a
unique maximal normal semisimple subgroup which we denote by L(H). In ad-
dition, H possesses a unique normal subgroup which is minimal subject to cover-
ing L(H/O(H)). We denote it by L,.(H). In the special case that H = Cs(x),
x € 1(G), we shall write L, for L,.(H).

The following result is [18, Theorem 1]:

(2.8) If H isagroup with O(H) =1, then Cp(L(H)O,(H)) =
Z(0,(H)).

In particular, this implies

(2.9) An arbitrary group H is 2-constrained if and only if L,H)=1.

We also have [20, Proposition 2.9]:

(2.10) The following three statements are equivalent:

(i) L,(H) is semisimple;

@) L, (H) =LY,

(iii) L,(H) centralizes O(H).

Moreover, we have, more generally:
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(iv) A perfect subgroup of L,.(H) liesin L(H) if and only if it central-
izes O(H).

The quasisimple factors of L(H) are uniquely determined by L(H). When
O(H) = 1, these are called the components of H. More generally, the uniquely
determined normal subgroups of L,.(H) which are minimal subject to covering
the components of L(H/O(H)) are called the 2-components or simply the com-
ponents of H. Clearly H and L,.(H) have the same components.

If J is a component of H,then J/O(J) is quasisimple. We shall say that
J isof type K if J/O(J) is isomorphic to the quasisimple group K.

For any group G, we denote by L(G) the set of quasisimple components
of L(C;(x)/0(Ci(x))) as x ranges over the involutions of G.

In connection with (2.10), [18, Lemma 1] is useful and yields:

(2.11) If the perfect group K acts on the group D of odd order, then

[D, K] = [D, K, K].

We shall also need [19, Lemma 2.1] and [20, Lemma 7.4]:
(2.12) If K is a semisimple group with two components K,, K, which
are interchanged by the involution x which acts on K, then
() Y =L(Cxx) = uu*lu€K,};
(i) Z(Y)C Z(K) and Y is a homomorphic image of K,;
(iii) If the four group B acts faithfully on K and contains x, then

K =(L(Cx(»))| b €B* and b interchanges K, K,).

Finally the following result will be important for us

(2.13) If H is a group with Sylow 2-subgrounp T of class at most 2 and
K is a component of H,then |T:N,(K)|<2. Furthermore, if K has non-
abelian Sylow 2-subgroups, then T normalizes K.

ProoF. Without loss we can assume that O(H) = 1. We have that R =
TNK isa Sylow 2-subgroup of K. Set T, =N (K) and suppose that T, C
T. Choose t in T—T, with t2E€T,. Then K’ is a component of H
distinct from K and ¢ interchanges K and K?. It follows that X = [R, ¢]
CKK*®,but X does not lie in K, K?, or Z(KK®). On the other hand, X C T"
CZ(T) as T has class at most 2,s0 T centralizes X. Since T inducesa
group of permutations of the components of H, we conclude at once now from
the embedding of X in KK? that T must leave KK? invariant. This im-
mediately yields that |T: T, <2.

Observe next R centralizes R’ as K centralizes K?. Hence for y in
R, R centralizes y?. On the other hand, y—'y* = [y, t] € Z(T),s0 R
centralizes y—! forall y in R. Thus y €Z(R) and so R is necessarily
abelian when T, C T.
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C,-groups. We shall now describe groups with Sylow 2-subgroups of class
at most 2 whose composition factors are of known type. To this end, we set

Ay =1{L,(q),q odd,q # +1 (mod 16),q>3,9+9,4,,J,,
groups of Ree type of characteristic (a power of) 3};
A, = {L,09), L,(2"),n > 3, Sz(2"), n odd,
n=3,L,(2"), Uy(2"), PSp(4,2"),n > 2}.
A=A VA,

Here J; is Janko’s first group of order 175, 560; groups of Ree type of
characteristic 3 are defined and described in [23]. The groups listed in A in-
clude all simple groups with abelian Sylow 2-subgroups plus all known simple
groups with Sylow 2-subgroups of class 2.

We note the additional well-known isomorphisms A = L,(5) = L,(4),
L,(2) = L,(7),and PSp(4,2)=S,. Thus L,(4)and L,(2) are of odd type
while PSp(4,2) is not quasisimple. Since Uj,(2) and Sz(2) are solvable groups,
this will explain the bounds for n in the definition of A,.

The members of A, are said to be of odd type, while those of A, are
said to be of even type.

For technical reasons, it is preferable to regard the group L,(9) (= 4,) as
of even type rather than odd type.

More generally a quasisimple-group K will be called of odd or even type
if K/Z(K) is an element of A; or A, respectively; and a component J of a
group H will be called of odd or even type if J/O(J) is of odd or even type
respectively.

Actually components J of type L,(S) cause us considerable technical
difficulties; and although at the outset we must regard them to be of odd type,
later in the analysis we shall be able to consider them to be of even type. This
ambiguity arises from the following possibilities:

If J is a component of the group H of type L,(5) and we set H =
H/O(H), then Nﬁ(f )/CE(J_ ) is isomorphic to either L,(4) or PGL(2, 5).

In the first case the balance properties of J as a subgroup of H are the
same as those of components of even type, whereas in the second case they are
analogous to components of odd type. We shall formalize this distinction in a
moment.

We now define a group H to be a C,-group provided the following con-
ditions hold:

(i) A Sylow 2-subgroup of H has class at most 2;
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(ii) The nonabelian cbmposition factors of H are all isomorphic to ele-
ments of A.

In the body of the paper we shall be studying a simple group G whose
proper subgroups are all C,-groups. For such a group, the centralizers of involu-
tions are C,-groups and so the elements of L(G) will either be of odd or even
type. We denote by L,(G) and L,(G) the corresponding subsets of L(G).

Because of the ambiguity associated with L, (5), it will be convenient to
say, if L,(5) is an element of L(G), that L,(5) is evenly embedded in L(G)
(and in L,(G)) if for any involution x of G and any component J of
H = Cg(x) of type L,(5), we have

* N ) )/CE(J— ) = Ly(5),

where H = H/O(H).

When this is the case, we can if we wish regard L,(S) as an element of
L,(G) rather than of L,(G), and the property of 1-balance for all components
of even type will still be preserved.

To describe all possible elements of L(G), we must list the possible perfect
central extensions of the elements of A by abelian 2-groups. All perfect central
extensions of these groups are known [21], and we can easily determine those
with Sylow 2-subgroups of class 2. Thus we have

(2.14) If K is a quasisimple C,-group with O(K) = 1, then either K is
simple or

(i) K=SL(22,9),q=3,5(mod 8), g >3;0r

(i) K/Z(K) = L3(4) and Z(K)=E, or E,.

We denote by A 1 A2 respectively the union of A, with the groups
listed in (i) and of A, with the groups listed in (u) and we set A = Al U A2
Then every element of [(G) is an element of A and every element of L,(G),
L,(G) is an element of A " Kz respectively.

If A4 € EG), it will be convenient also to introduce the terms [(G; A4),
L,(G; 4),and [,(G; A) to denote the subsets of L(G), L,(G), and L,(G)
respectively which arise from the components of L, = L(C;(x)) of the corre-
sponding types when x is restricted to A%, Likewise we shall say that L,(5)
is evenly embedded in L,(G; A) if () holds when x is restricted to A*,

We conclude with two results related to the groups listed in (2.14). First
of all, we obtain at once from (2.14) (i)

(2.15) If H is a C,-group such that H/O,(H)=L,(2"),n > 2, and
Cy(0,(H)) € 0,(H), then H = KO,(H), where K centralizes O,(H) and
either K=1L,(2") or n =2 and K = SL(2,5).

We also have
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(2.16) If K is quasisimple with O(K) =1 and K/Z(K) = L,(4), then
E(K) maps onto E(K/Z(K)). In particular, m(K) = 4 + m(Z(K)).

ProoF. The second assertion follows from the first together with the fact
that m(L;(4)) = 4. Set Z =Z(K) and choose 4 in K containing Z so
that 4/Z € N(K/Z). To prove the first assertion, it will suffice to show that
A € E(K). Clearly we can suppose Z # 1.

Assume first that |Z| = 2. If A is of exponent 2, then A is elementary
and so 4 € E(K). Hence we can assume that A — Z contains an element a
of order 4. Since K/Z = L,(4), which has only one conjugacy class of involu-
tions, this implies that every element of 4 — Z is of order 4. Hence A possess-
es a unique involution and so 4 = Qg or Z,. But then AlZ = E, or E,
contrary to the fact that every element of N(K/Z)= E,.

On the other hand, if Z = E,, then A/Y is elementary for every Y in
Z of order 2 by the preceding argument. Clearly 4 must then be elementary,
so A € E(K) in this case as well.

Quasisimple C,-groups; automorphisms and subgroup structure. In this sub-
section we list some well-known properties of a quasisimple C,-group K related
to its automorphisms and subgroup structure. We consider a C,-group H con-
taining K as a normal subgroup and such that Cp(K) C Z(K). We fix a Sylow
2-subgroup R of H and set T=R NK,so that T € S(X).

First of all, we have

(2.17) H/K is abelian.

(2.18) One of the following holds:

@ R=T,;

(i) K =L,(q),q=3,5 (mod 8), 0> (H) = KR = PGL(2, q);

(i) K =L,(q%),q=3,5(mod 8),or q=2"0%H)=KR,
where R = T{x) and x is an involution which induces a field automorphism
of K of order 2;

(iv) K=A4,, H=S,.

In particular, we have

(2.19) () IR:TI<2;

(i) if K=L,(5) or L,(9) and HDO K, then H=S5 or Sq re-
spectively;

(iii) if K € A, either R=T or K=L,(9) or L,2");

Gv) if K€ .&2, then T nermalizes no nontrivial subgroups of K of odd
order and Cy(T)C R

Suppose next that K = L,(2"), Sz(2"), or U3(2"),n > 2, and set 4 =
Z(T). Then we have

(2.20) (i) A is the unique element of M(T) = N(T) and m(4) =n;

(i) Ng(4) = TF,where F iscyclic of order 2" —1,2" — 1, or dividing
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227 _ 1 respectively and F acts transitively on A*,

(iii) Cy(T)=4;

(iv) Either Cy(A) CTF and Cy(4) =T or K = U,(2") and
0% (Cy(4) =T,

() If K=L,(2") and A, isa subgroup of 4 with m(4,) > n/2, then
either n =2 or A, normalizes no nontrivial subgroups of K of odd order and
[Cy(A,): Al < 2. Moreover, if equality holds, then m(4,) = n/2;

(vi) Cy(F) is of odd order and normalizes A4;

(vii) Cy(F)=F unless K = U,(2").

Assume next that either K = L,(2") or Pp(4,2"),n>2,0r K/Z(K) =
L4(4), and put n =2 in the latter case. Then we have

221) (@) IM(T)I = IN(T)l =2 and if A € M(T), then correspondingly
m(4) = 2n, m(4) = 3n, or m(4/Z(K)) = 4;

(ii) T is a special 2-group and m(A4/Z(T)) = n;

(iii) Ny(4)=A(F xJ), where F is cyclic of order dividing 2" — 1
and J=SL(2,2") = L,(2");

(iv) If K= L,;(2"), then J acts faithfully and irreducibly on A4;

(v) If K =Psp(4,2"), then J acts indecomposably on 4, A, = C,(J)
has rank n, F acts transitively on A%, and J acts faithfully and irreducibly
on A/Ay;

™) Cyd) =4;

(i) If €T~ A, then C,()=T'=Z(T);

(viii) A normalizes no nontrivial subgroups of K of odd order.

Now assume K =L,(9) or A4,.

(222) If A€ M(H),then ANK=E, N (A NK)=S,,andif K =
L,(9), then A =(4 NK) x B, where B centralizes Ni(4 NK).

We also have

(223)(@) If K€ A, or K=L,(9),then R=E,,Eg,Dg,0r Dg x E;

@) If KEA, or K=L,(9),then m(R)=m(H)=2 or 3;

(i) If K € A,, then either m(H) =m(K) or K=L,(9) and m(H) =3.

(iv) If T is abelian, then m(H) = m(K).

(2.24) If K € A, then we have

() Either Cx(T)C T or R=Dg xE, and K =L,(q%),q=3,

5 (mod 8) or A4,;

(i) If Cx(T)C T,then Cx(B)C T for each B in M(T).

Finally we require two results concerning the embedding of one element of
K in another. For the first, we note that PI'L(2, 8) is isomorphic to the Ree
group over the field with 3 elements and so L,(8) is a subgroup of every Ree
group of characteristic 3. (In fact, it is known that L,(8) is a subgroup of every
group of Ree type of characteristic 3.) For the second result, we observe that A
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does not contain a subgroup isomorphic to S5 = PGL(2, 5). Using these facts,
we straightforwardly obtain:

(2.25) (i) If K contains an element L of 4&2 with m(L) > 3 and
|T:TNL|I<2,then either K=L or L=L,(8) and K is of Ree type of
characteristic 3.

(i) If K& .&2 and K contains a T-invariant semisimple subgroup L
with components in /i, then K = L.

Quasisimple C,-groups; centralizers of involutions. Again K denotes an
arbitrary element of A and H, R, T have the same meanings as in the preced-
ing subsection.

Let x € T(R) and set J = L(Cg(x)). Then we have

(2.26) One of the following holds:

@) J=1,K€A,,and if K # A,, then Cy4(x) has a normal 2-comple-
ment and a Sylow 2-subgroup of Cy(x) is cyclic or dihedral according as x €
R-T or x€T;

G) J=1,Ke Az, O(Ci(x)) = 1, and either Cp(x) is 2-closed or K =
PSp(4,2") or L,(9);

(i) x €Z(K) and J =K;

(iv) xET, K=J,, Cx(x) =(x) xJ,and J = L,(5);

(v) x €T, K is of Ree type of characteristic g = 3™, Cx(x) =(x) xJ,
and J = L,(q);

(i) x € T, K = L,(¢*),q =3, 5 (mod 8), Cx(x) = PGL(2, q), and J =
Lz(‘l);

i) x ¢ T, K=L,2*"),n>2,and Cx(x)=J=L,(2");

(viii) x € T, K = A4,, Cx(x) = S; = PGL(2, 5) and J = L,(5).

These results have the following immediate consequences.

(227)() If K€ Av then either J=1 or JE A,,

() If K€ A2, then either J=1,J € Az, or K=L,(16) and J =
L,(4)=L,(5);

(iii) If K€ A,, then O(Cx(x)) = 1;

(v) If KEA, and x & Z(K), then m(J) <m(K);

) J# L,(9) and if x & Z(K), then J % SL(2,q),q odd.

It is easy to see that when J # 1, no element of H — K of odd order
centralizes J. Hence we also have

(2.28) If J#1,then O(Cy(x)) =1 and either [Cx(J)I=2 or J=K
is the covering group of L;(4) by E,.

We shall also need

(2.29) Let X be a four subgroup of R. Then we have

Q) If nxex# O(Cy(x)) #1,then K#A, and XCT;

@) If N ey OCx(x)) # 1, then K= A, or Ly(q),q odd, and either
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XCK or KX=PGL (2, q);

(iii) If K =A,,then Cx(X) has a normal 2-complement;

Gv) If K=L,(q),q odd,and for some y in X*, we have K(y)=
PGL(2,q), then L(Cx(x))=1 for x in X*;

") If K=L,(q) and L(Cx(x)) =1 forall x in X¥, then Cp(X) is
a 2-group.

(2.30) If K=L,(q),q odd,or A4, and X is an elementary subgroup
of R of order 8, then L(Ck(x)) #1 for some x in X*. Furthermore, if
X NK centralizes a subgroup of K of order 3 (in which case K = A4,), then
X NK C L(Cx(x)).

Finally we can describe the conjugacy classes of involutions of K.

(2.31) (i) Z(T) contains a representative of every conjugacy class of invo-
lutions of K;

(ii) Either K has only one conjugacy class of involutions or K ==
Psp(4,2") or ZK)+# 1 and K/Z(K) = L4(4);

(iii) Every involution of T lies in an element of M(T).

Quasisimple C,-groups; balance and generation. The signalizer functor
method depends ultimately upon various balance and generational properties of
the elements of A. We collect them here. Again K, H,R,and T have the
same meanings as before.

Using the structure of the centralizers of involutions in the groups K and
H, described above, one easily obtains

(232) @) If K €A,, then for any B in E,(H), we have
ﬂbeB# O(CH(b)) =1

(i) If K=J, or K=H=L,(5), then for any x in I(H), we have
0CyeN=1

(iii) If K € A,, then for any x in T(H), we have O(Cy(x)) = 1.

Thus the elements of '&1 are, in general, (locally) *“3-balanced”, while
those of ,&2 are (locally) “1-balanced”.

However, we note that (iii) would be false without the restriction that H
be a C,-group. Indeed, if K = L;(4), Aut(K) possesses an involution x such
that Cy(x) is isomorphic to an extension of Z3 x Z; by Qg. Henceif H =
K{x), then O(Cy(x)) # 1. However, a Sylow 2-subgroup of this group H has
class exceeding 2.

Likewise (i) would be false if K = L,(5) and H = PGL(2, 5), as then
Cy(x)=S, forany x in T(H — K) and again O(Cy(x)) # 1. It is precisely
this fact which requires us to consider components of type L,(5), at the outset,
as being of odd type.

We also have a slight strengthening of (iii).

(233) If K€ K, and x € I(R) and if we set Q = C(x), then Q
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normalizes no nontrivial subgroups of H of odd order.

We turn now to generational properties. For the elements of odd type, the
principal result we need is the following:

(234) If KEA, and B=Eg actson K, then

K = (L(Cx (B))O(Cx (8)) | b € B¥).

This result is easily obtained from the known structures of Cy(b) together
with the observation that if b in B¥ centralizes K, then K = L(Ci(b)).

We note that (2.34) is false for L,(9) and it is for this reason that we have
excluded it from A;. (Actually (2.34) holds when B is a four group except when
K= L)(5), Ly(7),0r A;)

We need a number of slight variations of (2.34).

(2.35) () If K=J, or K is of Ree type of characteristic 3, then

K =(LCx®) |t €T#);

(i) If K€ A,,either K= L,(5) or K=(Cx(t)It € I(T)).
(iii) If K is of Ree type of characteristic 3, then

(v) If K=L,(q),q odd,q>9,and X € E,(T), then
K = (L(Cx(x))O(Cx () |x € X#);

) If K=A,,then K=(Ny(X)|X EE,(T));

(vi) If H=PGL(2,5),then K =(Ng(T), Cx(x)| forany x in
IR -T)).

In addition, we have

(i) If K=L,(q),q=3,5 (mod 8)and X is a nontrivial subgroup of
K of odd order which centralizes an involution of K, then for some u in K;

(X, X*) =L,(r), where rlg and r>5;

(iii) If H=S, and A, B are distinct elements of E3(R) or E,(T),
then K = (Ng(4), Nx(B));

(ix) If H=S, and A, B are distinct elements of E3(R) and ¢ isan
involution of T, then

K = (N (4), Ng(B), Cc (1))

Now we turn to components of even type.

(2.36) () If K€ A,,and K % L,(2"), S2(2"), U,(2"), then K =
(Ck@®) e 1I(T));

Gi) If K=L,2"),S8z(2"), or U;(2"),n>2,and F is a complement to



14 ROBERT GILMAN AND DANIEL GORENSTEIN

T in N (T),and u is an involution inverting F, then K =(T, u);
(iii) If K =L,(9),L;(2"),PSp(4,2"),n>2,0r K/Z(K) = L4(4), and if
A, A, are the two elements of M(T), then

K =(Ng(4,), Ny(4,));

) If K=L,2*"),n>2,RDOT,x€E IR -T),and y is any involu-
tion of Cr(x), then

K = (L(Cx(x)), L(Cx (x))} = {Nk(T), Cx(x);

(v) If K=L,(2"),n>2,and X is a nontrivial 2-subgroup of K, then
there exist elements #,v in K such that

K =(X, X%, X").

Elementary abelian 2-subgroups of maximal rank. We shall need information
concerning the way in which the elements of M(G) can embed in the proper
subgroups of G. This is contained in the following statements:

(2.37) Let H bea C,group,let 4 € M(H), and let K be a component
of L,/(H). Then we have:

(i) A normalizes K;

(i) ANK#1;

(iii) Either 4 N K € M(K) or K is of type L,(q),q =3,5 (mod 8)
and some element of A induces a nontrivial outer automorphism of K/O(K);

(iv) If K is of type L,(2"), then every element of A induces an inner
automorphism of K/O(K).

Proor. We can assume without loss that O(H) = 1. By (2.13), either
(i) holds or K has abelian Sylow 2-subgroups and the normal closure J of K
under the action of A consists of two components K, K® for some a in A¥.
Consider the latter case and set L = L(C;(a)), so that L is A-invariant and
L =K. By (2.18), if m(L) = r, then also m(Aut(L)) =r. Hence if we set
A, = C,(L), it follows that m(4,) > m(A) — r. On the other hand, 4, clearly
contains a subgroup A, of index 2 leaving both K and K? invariant. But as
L= {uu®lu €K} and J=K x K® with A, centralizing L, it is immediate
that A4, centralizes J. Since JN Ay =1 and m(J) = 2r, this forces

m(A) = m(H) = m(A4,) + 2r.

However, this is impossible as m(4,) =m(4,) —1>m(d) —r—1 and r=>2.
Thus (i) holds.

In view of (i), we can assume without loss that H = K4 in proving (ii),
(iii), and (iv). Choose R in S(H) with A CR and set T =R NK, so that
T€S(KK) and T<R. Since 4 € MR), Q,(ZR)) CA. But TNZR)# 1
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as TR and T# 1,so (ii) holds. Likewise (iii) follows if K = SL(2, q).
Furthermore, if K/Z(K') = L(4), then A induces only inner automorphisms
of K and so R = TCr(T). Clearly then A4 N K € N(T). But now using (2.16)
together with the fact that all elements of N(L,(4)) are isomorphic to E, it
follows that 4 N K € M(T).

Hence we can assume that K is simple. Set A, = C,(K), so that 4, C
Z(H) and A, is a direct factor of H. Hence if we set H= H/A, we have
that 4 isin M(H), and it suffices to prove our assertions for A, Thus without
loss we can assume that 4, = 1. Since A leaves Cy(K) invariant and Cy(K)
is a 2-group, this implies that Cp(K) = 1, again as A € M(H). Thus H is iso-
morphic to a subgroup of Aut(K). If A induces only inner automorphisms of
K, then H=K and (iii) is obvious. Hence we can assume that some a in A%
induces a nontrivial outer automorphism of K.

By (2.18),K = L,(q) for some even or odd q or A4,, whence T = Ez"
or Dg. If n=2,then K=L,(q),q=3,5 (mod 8) and (iii) holds. Suppose
then that n > 2, in which case K = L,(2"),n even,and H =K{a). By
(2.26(vii)), Cx (@) = L,(2"/?) and so m(4 N K) < %n, whence m(4) < %n + 1.
However, m(K) =n and as n > 2, we have m(K) > m(A4), contrary to 4 €
M(H). Thus (iii) holds in this case and also (iv) is proved.

Finally if T = Dg, then R =Dg x E, by (2.23(i)) and it is immediate
now that A N K = E,, so (iii) holds in this case as well.

k-balance. As in [15] and [20], for any group X and any E in E(X),
we set

Ax(E)= N O(Cx&)).
xEE#

In the present context, we shall use the following modification of the stan-
dard notation of k-balance for quasisimple groups:

We shall say that an element K of K is k-balanced as a C,-group pro-
vided whenever K is normal in a C,group H with C4;(K)CK and E€
E,(H); we have

A E)=1.

If we set H = H/C,(K), then H can be identified with a subgroup of
Aut(K) containing Inn(K) and to verify the given condition in H, it clearly
suffices to show that AFI(E) =1 forall E in E, (). Hence using (2.32), we
obtain at once

(238) () If Ke A 1> then K is 3-balanced as a C,-group;

@ If K€ &2 or K=J,,then K is l-balanced as a C,-group.

Now let G be a simple group with Sylow 2-groups of class 2 whose proper



16 ROBERT GILMAN AND DANIEL GORENSTEIN

subgroups are C,-groups. For any involution x of G, if we set C, = C;(x)
and let K be a component of L, = L,(C,), then H = Autcx(K ) =

ch 1.4 )/ch (K/0(K)) isa C,-group in which the image K of K is a quasi-
simple normal subgroup isomorphic to K/O(K) and, moreover, C_(K) C K. It
follows therefore from the definition of local k-balance in C, of ;I component

K of L, givenin [20, Section 5] that K will belocally k-balanced in C,
whenever K is k-balanced as a C,-group. Note also that if K is of type L,(5)
and L,(5) is evenly embedded in L(G), then it is immediate from the definitions
that K will be locally 1-balanced in C,.

Hence if we combine (2.38) with [20, Theorem 5.3] and use the preceding
observation concerning the even embedding of L,(5) in L(G), we can obtain
conclusions about the k-balance of G. We recall from [15] and [20] that G is
said to be k-balanced if for each T in E,(G) and each involution x of G
which centralizes T, we have

Ag(T) N Cg(x) C O(Cp(x))-

Thus [20, Theorem 5.3] yields

(2.39) () G is 3-balanced;

@) If L,(G) is empty or consists of an evenly embedded L,(5), then G
is 1-balanced.

The proof of k-balance in [20, Theorem 5.3] is actually carried out inde-
pendently for each T in E,(G) and each x in I(G) which centralizes T
and is deduced as a consequence of [20, Theorem 5.2]. Hence the same argu-
ment easily gives the following variation of (2.39):

(2.40) If x, y are two commuting involutions of G and Cg(x) has no
components of odd type, then

0(Cs(») N Csx) € 0(Cg(x))-

L-balance and A-balance. The following general result [20, Theorem 3.1]
and its corollary [20, Theorem 4.1] will be basic for the paper.
(2.41) If X isa 2-subgroup of the group G, then

Ly (Co(X)) € Ly (G).
(2.42) If x, y are commuting involutions of the group G, then
Ly (L, NCs(»)) =Ly (L, N Cs(x)).

This result is known as L-balance. (Here by definition L, = L, (C;(x))
and Ly, =L, (Cg(»)))

Note also, that, in particular, the left side of (2.42) liesin L,.

We shall need some sharpenings of (2.42) in the case that G is a simple
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group whose proper subgroups are C,-groups.

(2.43) If x, y are commuting involutions of G and if K is a compo-
nent of L suchthat J =L, (Cx(y)) covers K/O(K), then we have

(i) The normal closure L of J in L, consists of either a single com-
ponent or two components interchanged by x;

(i) J projects onto L(Cy, jow) ®);

(iii) If {x, y) lies in an element of M(G) or J has nonabelian Sylow
2-subgroups, then L consists of a single component.

Proor. Using [20, Proposition 4.2], we obtain (i) and the fact that J pro-
jects onto a component of L(Cy o ( L)(x)). However, the latter group is quasi-
simple by (2.27) and so (ii) also holds. Finally (iii) follows from (i) and corre-
spondingly (2.37(i)) or (2.13).

We also need a slight variation of (2.41) [20, Proposition 3.4].

(2.44) If K is a subgroup of the group H with L, (K)=K and K is
normalized by a Sylow 2-subgroup of H, then each component of K lies in a
component of L,(H).

Next if H is a C,-group, we define A(H) to be the product of all com-
ponents of L,'(H) of odd type. If H= Cg(x) for some group G and some
x in 1(G), we shall write A, for A(H).

First of all, we have

(245) If H isa C,-group and x € I(H), then we have

@ L2'(CA(H)(x)) = A(CA(H)(X));

(i) A(CLz,(H)(x)) C A(H)J, where J is the product of those components
of L,(H) of type L,(16) on which x induces a field automorphism of order 2.

Proor. Without loss, we assume O(H) =1. Let J;, 1 <i <m, be the
minimal x-invariant products of components of L(H), so that each J; consists
of a single component or two components interchanged by x. We can suppose
that A(H) is the product of J;, 1<i<n, for some n<m.

We have that L,:(Cy ) (x)) is precisely the product of the groups L; =
L2:(C,i(x)), 1<i<n. For i in this range, if J; consists of two components
interchanged by x, then L; is of odd type by (2.12(ii)). If x centralizes J;,
then L, =J; is of odd type, while if J; consists of a single component not
centralized by x, then L, is of odd type (or trivial) by (2.27(i)). Thus each
L; is of odd type (or trivial) for 1 <i<n and (i) follows.

Similarly A(Cp, (H)(x)) is the product of the groups K; = A(C,i(x)), 1<
i<m. For i in the range n + 1 <i<m,if J; consists of two components,
then L,r(C,i(x)) is of even type by (2.12(ii)) and so K; = 1. Likewise K; =1
if x centralizes J;. On the other hand, if J; consists of a single component not
centralized by x, it follows from (2.27(ii)) that either K; =1 or J; = L,(16),
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in which case K;=L,(4) = L,(5). From this (i) follows at once.

In view of the form of (ii) above, it will be convenient to introduce the
following terminology in a C,-group H. If K is a component of H of type
L,(16) and x is an involution of H which induces a field automorphism of
order 2 on K/O(K), we shall say simply that x acts irregularly on K.

Using (2.45), we obtain the following variation of L-balance.

(2.46) If the centralizer of every involution of G isa C,-group and x, y
are commuting involutions of G, then

A, N CN S AT,

where Jy, is a suitable product of components of L, on each of which x acts
irregularly and such that

A(CJy ) CA,.

PrROOF. Set K = A(A, N C;(»)). Using L-balance, we see that K isa
product of components of L,«(C, (x)). Since the components of K are of odd
type, we have, in fact, K C A(C; (x)). Applying (2.45(ii)), we can write K =
F*F, where F* is the product gf those components of K which lie in Ay and
either F=1 or F isa product of components F; each of type L,(5)and
each F; CJ; for some component J; of L, of type L,(16)on which x acts
irregularly, 1 <i <m. In the first case, set Jy =1 and in the second, let Jy
denote the product of the J;, 1 <i<m. Then the first inclusion of (2.46) is
immediate and the second holds trivially if F = 1. In the contrary case, L =
A(C,y (x)) is the product of the groups L; = A(C,l(x)), each of which is of
type L,(5) and contains F; as a normal subgroup. Since L; is perfect, it
follows that L; = F; C K, whence L C K, giving the second inclusion of (2.46).

Combining (2.46) with (2.37(iv)), we obtain the following sharpening of
L-balance, which we call A-balance whenever it holds.

(247) If G isasin (2.46) and x, y lie in an element of M(G), then

AA, N Co(») = A, N Cx)).

Next we can also sharpen (2.44).

(2.48) If K is a subgroup of the C,-group H and K isnormalized by a
Sylow 2-subgroup of H, then AKK) C A(H).

Proor. If H = H/O(H), it will clearly suffice to prove that A(K) C
AH), so we can suppose without loss that O(H) = 1. Since A(K) is perfect
and is invariant under a Sylow 2-subgroup of H, being characteristic in KX,
(2.44) implies that any component L of A(K) lies in a unique component J
of L, (H). We need only prove that for any such L, the corresponding J is
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of odd type, in which case L CJ C A(H). Suppose then that some J is of
even type and let K; be the product of those components of K which lie in
J. Our conditions imply that L C K; and K, is invariant under a Sylow 2-sub-
group T of J. Since O(K,) is T-invariant, we have O(K,) =1 by (2.19(iv)).
Hence K, is semisimple and now (2.25(ii)) yields that K, =J. Thus K, is
quasisimple, whence K, =L and so J =L is of odd type, which is not the
case. So L is also of even type, contrary to the fact that L is a component of
AK).

Finally we have the following variation of (2.45(i)):

(249) Let H be a C,-group in which A(H)# 1 and let B € E(H).
Then we have

() If m(B)>3,then A(Cpqyy(®)# 1 forsome b in B*;

(i) If m(B)=>4 and A(H) hasa component which is not of type L,(5),
then A(CA(H)(b)) has a component which is not of type L,(5) for some b
in

ProoF. Without loss we can assume that O(H) = 1. Let K be a com-
ponent of A(H) and under the assumption of (ii), choose K % L,(5). If some
b in B¥ does not leave K invariant, then K has abelian Sylow 2-subgroups
by (2.13) and A(CKK »(®) =K by (2.12). But clearly this group is a compo-
nent of A(Cy (7)(b)) and so (i) and (ii) follow at once. Hence we can assume
that B normalizes K. If m(B) = 4, then some b in B* centralizes K, in
which case K is a component of A(CA(H)(b)) and again (i) and (ii) hold.

Suppose finally that m(B) < 3, whence equality holds and it remains only
to verify (i). Likewise we can assume that Cg(K)= 1,50 B acts faithfully on
K. If K=J, orisof Ree type of characteristic 3, then AC () # 1 for
any b in B¥. If K= A, then some b in B* corresponds to a transposition
in S, and again A(Cx(b)) # 1. On the other hand, if K = L,(q), then some
b in B* must induce a field automorphism of K of order 2, whence q isa
square. Since q # 9, it follows in this case as well that A(Cy (b)) # 1. Since
A(Cy (b)) is a component of A(C, (g (b)), we conclude that (i) holds.

The subgroup A*(H). In this subsection, we introduce a certain subgroup
of a C,-group H, which will be very important in our analysis.

First of all, if H is an arbitrary group, we define as in [20, Section 3]

Ly ,(H) = L, (HYOH)O(Cy(T)),

where T is a Sylow 2-subgroup of L,(H) O, ,(H).

Then as shown in [20, Section 3], L;"Z(H) is a normal subgroup of H
determined independently of the choice of T. Moreover, L:r,z(H ) contains
L,«(H) as a normal subgroup of odd index and each component of L,.(H) is
normal in L3 ,(H).



20 ROBERT GILMAN AND DANIEL GORENSTEIN

Now assume that H is a C,-group and let ®(H) be the product of all
components of H of even type, so that L,.(H) = A(H)®(H). We now set

AH) = O7[Cps, ) @O

(2.50) Let T be a Sylow subgroup of L,/(H)O,' ,(H).

() A*H) = OH)AH)O(CY(T)) N Cy (BH)/O@E))];

(i) A*H)< H,

(iii) A*(H)= AH)D, where D is of odd order, D D O(H),and D is
invariant under a Sylow 2-group of H;

(iv) If every component of H is of odd type, then A*(H) = L:',z(H);

) A*A*H)) = A*H).

Proor. First we prove (i). Let F(H) denote the right hand side of equa-
tion (i), and let H = HJO(H). It is easy to check that A*(H) = A¥(H) and
F(H) = F(H), so we may assume O(H) = 1. In particular L,.(H)=L(H) and
O@H)) = 1. As AWH) = 0*(Cp ) (@H)) and Ly 5(H) = AH)BH)O(Cyr(T)),
we have that F(H) C A*(H). To prove the reverse inclusion, let x be an ele-
ment of A*(H) of odd order. We can write Xx = x,x,X3, where x, € A(H),
x, € ®(H), and x; € O(Cyx(T)). In particular, x; and x; centralize T N
®(H). Since x centralizes ®(H), it follows that x, centralizes T N $(H).
But as x, € ®(H), this yields that x, centralizes T, whence x,x; € Cy ).
Thus x € A(H)Cy(T). But Cy(T) has a normal 2-complement as noted in
[20, Section 3]. Since x has odd order, we conclude that x € A(H)O(Cy(T)).
Thus A*(H) C A(H)O(Cy(T)). Since A(H) and A*(H) centralize ®(H),
this in turn implies that A*(H) C F(H) and so (i) holds.

We see that (ii) is an immediate consequence of the definition of A*(H)
while (iii) follows from (i). Indeed O(H)[O(Cy(T)) N Cy (D(H)/O(PH)))] is
of odd order and is invariant under any Sylow 2-subgroup of H which contains
T. If every component of H is of odd type, then ®(H) =1 and (iv) is an easy
consequence of the definition of A*(H). Finally to prove (v) we apply (i) and
(iii). Let H'= A*(H); from (i) we see that O(H') = O(H), A(H') = A(H) and
®(H') = 1. Thus by (i) again A*H')=OEH)AH)O(Cy(TNH"). By (iii) H' =
AH)D. We may assume D is invariant under TN H " whence TN H' central-
izes D/(D N A(H))and H' = AH)C,(TNH ’). By [20, Proposition 3.3] as
before Cp(TNH')C O(Cy (TN H')) and we have H' C A*H'). Thus H'
= A*H') and (v) holds.

We shall need the following sufficient conditions for a subgroup of H of
odd order to lie in A*(H).

(2.51) If SE€ S(H) and D is a subgroup of H of odd order, then D
liesin A*(H) under any of the following conditions:
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(i) D is S-invariant;

(ii) Forsome x in I(S),D centralizes x and is invariant under Cg(x).

Proor. It will clearly suffice to prove the corresponding assertions for the
image of D in H/O(H) whence we assume O(H) = 1. By [20, Propositions
3.8 and 3.10] it follows in these cases that D C L3 ,(H) and so we need only
show that D centralizes ®(H).

Let then K be a component of ®(H) and set R =S NK, so that K
is an element of A, andlet R € S(K). In the case of (i), [D, R] is of odd
order and so D leaves K invariant. But then [D, R] CK and so [D, R] is
an R-invariant subgroup of K of odd order. Now (2.19(iv)) yields first that D
centralizes R and then that D centralizes K. Since K was arbitrary, D central-
izes ®(H) and so (i) holds.

Suppose next that we are in case (ii) and assume first that x leaves K in-
variant. Then Cr(x) £ Z(K) and as [D, Cx(x)] has odd order, it follows
again that D leaves K invariant. If Cx(x) = R, then the argument of the pre-
ceding paragraph shows that D centralizes K, so we can assume that x does
not centralize R. If K =L,(9),then Cp(x) is a four group. Since
Aut(L,(9)) contains no nontrivial subgroups of odd order invariant under a four
group, D centralizes K in this case as well. Furthermore, if K = L,(2") or
PSp (4, 2"), then by (2.18) Cgr(x) contains an element of N(R). But now
if we apply (2.21(vi) and (viii)), we conclude, as above, that D central-
izes K. The only other possibility is that K == L,(2"),n >4, and Cg(x) is
elementary of rank %n; and now (2.20(v)) implies that D centralizes K.

Assume then that x does not leave K invariant, whence K == L,(2")
and so also J = CKKx(x) = L,(2"). Setting T =S NJ, we have that T € S(J)

and, as [D, T] has odd order and D induces a permutation of the components
of ®(H), we see that D must leave KK* invariant and so must leave J in-
variant. It follows now, as above, that D centralizes J. Hence by [20, Lemma
2.16] D centralizes K in this case as well. Again we conclude that D central-
izes ®(H) and so (ii) also holds.

At one point in our analysis, we shall need a property of yet another sub-
group related to L,«(H). For simplicity, we restrict ourselves to the case of a
C,-group H in wh1ch O(H) = 1. We define L(H ) to be the uniquely deter-
mined normal subgroup of H which is maximal subject to the following con-
ditions:

@ L(H) 2 LH);

(b) L(EH)/L(H) is a 2-group;

(© Z(H) leaves each component of L(H) invariant.

Clearly Z(H) exists.
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(2.52) If S is a Sylow 2-subgroup of H, then Z(S) C Z(H).

Proor. Let K be the subset of H consisting of those elements which
centralize Q = O,(H) and leave each component of L(H) invariant. Clearly K
is just the kernel of the permutation representation of Cp(Q) on the components
of L(H). Since Cy(Q) and L(H) are each normal in H, it follows that K
H. Furthermore, K O L(H)Z(Q). Since Cy(L(H)Q) = Z(Q) by (2.8), we also
have that K = K/L(H)Z(Q) is isomorphic to a subgroup of
Aut(L(H))/Inn(L(H)). But Inn(L(H)) = L(H)/Z(L(H)) and so is the direct
product of simple groups L; € A, 1 <i<n. Moreover, K leaves each L, in-
variant. We easily conclude from this that K is, in fact, isomorphic to a sub-
group of the direct product of the groups Aut(Z,)/Inn(Z,), 1 <i<n. But now
applying (2.17), we obtain that K is abelian. Since K centralizes Q, this in
turn implies that K/L(H) is 2-closed. Hence if we set N = 02'(K ), we have
that N<\H, N D L(H), N/L(H) is a 2-group, and N leaves each component of
L(H) invariant. We conclude therefore from the definition that N C L(H ).

On the other hand, as S N L; is a Sylow 2-subgroup of L; for each
component L; of L(H),1<i<n,and Q CS, we have that Z(S) leaves
each component of L(H) invariant and centralizes Q, so Z(S) C K. Thus
Z(S)CO*(K)=N= L(H), as asserted.

A*-balance and A*-generation. We shall now establish two important
properties related to components of odd type in the centralizers of involutions of
a simple group G whose proper subgroups are C,-groups. For any proper sub-
group H of G, the subgroup A*(H) of the preceding subsection is then well-
defined. In particular, A*(CG(x)) is well-defined for any involution x of X.
For brevity, we shall set

A% = A*(Cox)).
We first prove
(2.53) Let x, y be two commuting involutions of G. If x does not
act irregularly on any component of L, and, in particular, if {x, y) lies in an
element of M(G), then we have

A*A% 0 Co) C A

PROOF. Set K = A} N Cgi(p). We must prove that A*(K) C A3
T be a Sylow 2-subgroup of CG( y) containing (x, y) and set R = CT(x),
so that R C Cg(x) and y €ER. By (2.50), we can write A = A, D, where
D is Rdnvariant of odd order. Set D = A +DIA,. We cla1m that CD(y)

covers CB( ). Indeed, we can identify D with D/D N A, and can consider

the action of y on D to be induced from that of D under the natural map of D
on D/DNA,. Since D has odd order, our assertion follows from general proper-
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ties of @'-automorphisms of #-groups. Hence K = CAx p(M CACH(y) and
we conclude that K = CAx( NCp(»).

Since Cp(y) has odd order, the preceding equality implies that A(K) =
ACp (7). Now K is Reinvariant as y € Z(R) and so clearly A'K) =

A*(KR). It follows therefore from (2.50) that A*(K) = A(C, J‘_(y))E, where E

is R-invariant of odd order. But by (2.46) and (2.47) and our hypothesis, we
have that A(CAx( »)) C A, . Furthermore, E C K centralizes y and E is

invariant under R = C,(y). Hence E C Cy(y) and (2.51(ii)) yields that E C
A; . We thus conclude that A*(K) c A; , as required.

If A € M(G), then (2.53) holds for every pair of involutions x, y of A.
We shall say in this case that G is A*-balanced with respect to A.

The following basic generational result is a particular case of [20, Theorem
7.12] and will be called A*-generation.

(2.54) If H isa C,group and B € E;(H), then

* A% #
ANH)=<(A (CA.(H)(b))Ib € B™).

PrROOF. Set X = A*(H). Since each component of X is of odd type, it
follows from (2.50(iv) and (v)) that X = L3 ,(X). We shall argue that for b
in B¥, we also have A*(Cx (b)) = L3 ,(Cx(b)). This will follow from
(2.50(iv)) provided we can show that each component of Cy () is of odd type.

It will clearly suffice to prove that each component of C)—{(b) is of odd type,
where X = X/O(X). Let K;, 1 <i<n,be the minimal b-invariant products of
components of L(X), 1 <i<n. Since X/L(X) has odd order, we see that
L,(C_(b)) is just the product of the groups L2'(CE,(b))’ 1<i<n If K;

X

consists of a single component, then by (2.27(i)) either Lz'(CK,(b)) is trivial

or consists of a component of odd type. In the contrary case, 1_(, consists of
two components interchanged by b and now (2.12(ii)) implies that L2:(CKi(b))

is a nontrivial homomorphic image of one of these components and so is also of
odd type. Thus each component of Cy(b) is of odd type for each b in B*,
as asserted.

Hence (2.54) is equivalent to the following assertion:

(*) X =(L} ,(Cx®))|b € B¥).

In the terminology of [20, Section 7], this is the same as saying that X is L*
generated with respect to B. In view of [20, Theorem 7.12], (*) will hold if
for any component L of X and any element E of E;(Ng(L)), we have that
L = L/O(L) is corelayer 1-generated with respect to E, which means that



24 ROBERT GILMAN AND DANIEL GORENSTEIN

L= Ly (€, GNOC, Oy €E*).

However, as L € ,& 1 this is a consequence of (2.34). Thus (*) and hence
(2.54) is proved.

We need one further generational result, of a slightly difficult nature; namely,
[20, Lemma 7.2].

(2.55) If K is a perfect group, B is an elementary abelian 2-group which
centralizes K and KB acts on the group D of odd order, then we have

[D, K] =([Cp(T), K] IT of index at most 2 in B).

Signalizer functors and k-balanced groups. Let G be a groupand S a
Sylow 2-subgroup of G.

For any positive integer k¥ and any B in E(G) with m(B) =k, we
define

Wg = (Ag(T)IT € E,(B)),

and
Tgr ={Ng(@1QC S m@Q)>k).

[y is called the k-generated core of G.

If we combine [20, Theorem 6.1], which proves the existence of signalizer
functors in k-balanced groups, with the signalizer functor theorem itself [9], [10]
we obtain at once [20, Theorem 6.10]:

(2.56) If A € E(G) with m(4) >k + 2 and G is k-balanced with re-
spect to A, then W, is of odd order.

Using [20, Proposition 8.9], we also have

(2.57) If G is k-balanced with respect to A € E(G) and BC 4 with
m(B) =k + 1, then

@) Wg=W,;and

(i) Ng(B) normalizes W,.

Likewise [20, Proposition 8.1 and Theorem 8.8] together yield

(2.58) If G is k-balanced and S is (k¥ + 1)-connected, then

Ts,x(G) SNc(Wy i)

forany A4 in E(S) with m(4)=>k + 1.

Using (2.39), (2.56) has the following corollary:

(2.59) If S has class 2 and the centralizer of every involution of G isa
C,-group, then W, is of odd order for any 4 in E(G) with m(4)=>5. (We
take k= 3.)

Strong embedding and balanced groups. If G is a group of even order with
2-subgroup S, it is trivial to see that G has a strongly embedded subgroup if and
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only if its 1-generated core I'g ,(G) is a proper subgroup of G.

Bender’s classification theorem [3] concerning groups with a strongly embed-
ded subgroup will be important for us.

(2.60) If G is a simple group which contains a strongly embedded subgroup,
then G=L,(2"),Sz(2"), or U,(2") for some n=2.

Aschbacher has extended Bender’s theorem to the case of groups with a proper
2-generated core [2]. Although we could avoid his result in this paper, use of it
makes it easier to derive a basic property of balanced (i.e. 1-balanced) groups.

(2.61) If G is asimple group with m(G) = 3 which has a proper 2-generated
core, then G =J,,L,(2"),Sz(2"),or U;(2"),n>2.

More generally, Aschbacher’s result gives a description of all quasisimple groups
with a proper 2-generated core. It is then easy to check that any quasisimple group
is either 2-generated or exceptional as these terms are defined in [19]. But then
[2], [19] together yield the following general assertion:

(2.62) If G is a balanced, connected (i.e. 2-connected) group with m(G) =
3 and O(G) =1, then either O(Cz(x)) =1 for every involution x of G or G
has a proper 2-generated core.

But now if we combine this with (2.61), we obtain immediately the following
general theorem: .

(2.63) If G is a simple, balanced, connected group with m(G) = 3, then
O(Cz(x)) =1 for every involution x of G.

Finally we apply the preceding result to the case in which G is a simple
group with Sylow 2-subgroup of class 2 and 2-rank at least 3 in which the central-
izer of every involution is a C,-group.

(2.64) () If L,(G) is either empty or consists of an evenly embedded
L,(5), then O(Cgz(x)) =1 for every involution x of G

(ii) If L(G) is empty, then H is 2-constrained and O(H) =1 for every
2-ocal subgroup H of G.

ProoF. By (2.40), G is balanced in either case. Furthermore, as m(G)
>3 by assumption, SCN,(2) is nonempty by (2.3). As is well-known (or by
the argument of (2.6)), this implies that G is connected. Now (i) follows at
once from (2.63). Furthermore, if L(G) is empty, then Cg;(x) is 2-constrained
for every involution x of G by (2.9). But then H is 2-constrained for every
2-ocal subgroup H of G by [13, Theorem 4]. Since O(Cgz(x)) =1 for each
involution x of G, [13, Theorems 1 and 5] imply that also O(H) =1 for
every 2-local subgroup H of G.

2-constrained C,-groups. Let H be a C,-group with O(H) =1 in which
a Sylow 2-subgroup, S, has class 2 and elementary center. Set D = O,(H) and
Z=Q(Z(D)) and define H = H/C,(Z), H=H/0@), H* = 0% (H). The
following general result will be used primarily in the case in which H is 2-con-
strained.
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. 65) s s elementary abelian;

(i) H H* L(H) X 02(H ) and each component of L(H) is isomorphic to
L,(q),q=3,5(mod 8) or g =2",J,, or is of Ree type of characteristic 3;

(i) H* acts trivially on D' and ©'(D). If Z(S)C Z, then H* cen-
tralizes D/Z, and 0%(0%(Cy(2))) centralizes D;

(iv) If H is 2-constrained, then CH.(Z )=D.

() If H*=H) x -+ xH,, then [Z H,H] =1 for i #].

PROOF. By (2.2) U!(S) C Z(S) C Cy(2),s0 S is elementary abelian.
Thus (i) holds and now (ii) follows from the general classification of groups with
abelian Sylow 2-subgroups [23], [24]. If H* is as in (v), then for any choice
of involutions ¥ €H,,y €H;, [Z,% y] =1 because § has class two. By
definition of H™ the possible choices for x and y generate H; and 17,., and
it follows that [Z, H,.,Hi] =1

If Z(S)C Z, then S/Z is elementary and consequently § acts trivially on
D/Z. Since H™ is generated by the conjugates of S in H, it follows that H *
acts trivially on D/Z. Because D' and U'(D) lie in Z(S) by (2.2) and are
characteristic in D, it follows similarly that H * acts trivially on each of them,
so the first part of (iii) holds. Set L = 0%(Cy(Z)) and K = 0*(L). Clearly
KCLCH * and so K acts trivially on D/Z. But obviously K acts trivially
on Z and as K is generated by its subgroups of odd order, we conclude that K
centralizes D, proving the second part of (iii).

Finally suppose H is 2-constrained, whence Z(S) C C (D) C D. Hence
by (iii) K is a 2-group and it follows that L must also be a 2-group. Obviously
DCL and L isnormalin H,sowe have D=L and ICH.(Z):DI is odd.
But by (iii) elements of odd order in C’H.(Z ) centralize Z and D/Z. Thus

these elements centralize D and must lie in D. We conclude CH +(Z)CD.

If SL(2,2")=L,(2") acts on the elementary abelian 2-group V, we say
that V is astandard or natural module for L,(2") if V hasrank 2n and
can be identified with the additive group of a vector space of dimension 2 over
the field GF(2") in such a way that the given action of L,(2") becomes its
natural one.

(2.66) If H is 2-constrained, H = L ,(2"),n>2,and V is a nontrivial
H-composition factor of Z, then

() m(V)=2n and V is a standard module for H;

(i) Forany x in §%,C,x)=C,S)=1[S, V] =[x V] =E

(iii) Every element of N_(S)* of odd order acts regularly on V;

Gv) 12(5) : ()l > Z"Hand m(Z) > 2n.

ProOF. Let ¥V be an arbitrary nontrivial composition factor of Z under
H Since S has class 2, we have C},(x)2 C,(S) 2 [V, S] 2 [V, X] and
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IV:CpG)l =1V, x]| forany X in §%. Weset a=m(V/C,(x)), b=
m(Cy (X)ICy (), ¢ =m(Cy SV, §1), d =m([V, §1/[V, X]),and m =
m(V). It is immediate from the subgroup structure of L,(2") that H is gener-
ated by § and a conjugate y of x. Since V is a nontrivial irreducible
H-module, it follows that C,,(¥) N Cy(S)=1 (as H centralizes this inter-
section). Likewise S and y leave invariant any subgroup of ¥ containing

[V, S]1 and [V, y] respectively, and so it follows likewise that V = ([V, §1,
[V, y1). Since m(Cy(x)) =m(Cy(y)) and m([V, x]) =m([V, y]), we
conclude now that

2a+b=2m and a+d=m.

But also our relations imply that 22 + b + ¢ + d = m. Combined with the
preceding inequalities, this forces b =¢ =d =0 and m = 2¢. Thus the first
three equalities of (ii) holds.

Now let F be a complement to S in Nf{(§ ) and let u be an involu-

tion of H which inverts F. Then by (2.36(ii)) we have H = (S, #). Moreover
we can choose # and X €S¥ so that (X, u) = L,(2) and xu has order 3.
Setting ¥, = C},(S), then u, being an involution, leaves ¥, N V(',7 invariant
andso Vy N Vg = 1. On the other hand, the results of the first paragraph
imply that m(V,)) =a = %m. Hence if we set V, = Vg , we have that

Vo @ V.

Our conditions also imply that the mapping v; — [v,,X] for v, in V,
is an isomorphism of ¥V, on ¥, so we can choose bases for ¥, and ¥V, so
that X is represented by the matrix (g f), where I denotes an g x g identity
matrix. Since u interchanges ¥V, and ¥,,and xu has order 3, it follows
that u is represented by the matrix (§ o). Likewise as F leaves V, invariant
and # inverts F, it follows that each f in F is represented by a matrix of the form

A_ O
i
0 A°!
7

b

where A_ is a suitable @ x @ nonsingular matrix.
f

Hence the matrix of %/ has the form

I A~?
I3
0 1

for each f in F. Since the elements %/ run through §* as F runs through
F, it follows from the manner in which two matrices of this form multiply that the
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set of matrices {4_ |f€ F} U {0} is closed under addition. In other words,
the matrices

for f in F can be identified with the multiplicative group of a field of order
2", Since these matrices commute with those for u, F, and S, we conclude that
V is, in fact, an irreducible H-module over GF(2"). In particular, as ¥ must be
at least 2-dimensional over GF(2"), we have m > 2n.

Finally if W, is a nontrivial F-submodule of V,, and if we set W, =
Wg and W= W, ® W,, then it follows from our matrix representation that W
is invariant under H = (u, x, F). Thus W =V by the irreducibility of H on
V and so V,, is an irreducible F-module, forcing m(V,) = n. We therefore
conclude that m = 2n, proving (i). Likewise @ =n and so the final assertion
of (ii) also holds. Furthermore, clearly we also have (iii).

As H is 2-constrained, (2.65(iv)) implies that Z has a nontrivial H-compo-
sition factor, V. By (2.65(iii)) 5!(D) must be centralized by H* =H and so
V is actually a composition factor of Z/5'(D). On the other hand, Z(S) D
[Z, 8] and [Z, S] certainly covers Vg, so it follows that |Z(S): si(D) >
[ Vol =2". Since m(Z) > 2n by (i), we thus obtain (iv).

(2.67) Suppose that H is 2-constrained and A has a normal 2-comple-
ment. Setting Q = [O(H),S ], we have

@ If |S|=2 and |Z:C,(S) =2,then 0=Z, and [Z, Q] =E,;

(i) If [SI=4,and |Z:C,(5)I<4,then Q=Z, x Z,.

ProOF. First we claim that if |Z:C,(x)I =2 for an involution Xx €
S#, then D, the normal closure of X in []™, is isomorphic to S; and further
Z=Cy(D) x [z, 0D)], [Z, OD)] = E,. Clearly our claim will suffice for
the proof of (i).

We proceed with the proof of our claim. Since 02(1? *) =1, we can find
an H *conjugate, , of X such that [X, ] # 1. Thus F=(X, ) is a non-
abelian dihedral group, and O(F) acts faithfully on Z/C,(F) which has order
at most 4. F has abelian Sylow 2-subgroups and is itself nonabelian, so O(F) #
1, and we must have |O(F)l = 3, |Z: C,(F)| = 4. It follows that F =S,
and Z=C,(F) x [2, 00F)] with [Z, O(F)] _E4 It remains to show that
F =D. Suppose that 7 is any conjugate of x in H*,and let R=(F, 1),

Y= CZ(R) We know |Z: Y|<8 whence R= R/C (Z/Y)is isomorphic to

a subgroup of GL(3,2). Also C_(Z/ Y)centrahzes the senes 1CYCZ,s0
(Z/Y) C 02(R) Consequently F= S3. As R has abelian Sylow 2-subgroups, it
follows from the subgroup structure of GL(3,2) that R =F,whence R =F 0,R).
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Again because H* has abelian Sylow 2-subgroups, R = F x 0,(R),and O(F) =
O(D). Thus ¢ inverts O(F) and centralizes C,(F), whence D centralizes
C,(F). We conclude F =D.

To prove (ii) we will show that |Z: C,(x)l =2 for some x € S*. If not,
then as H acts faithfully on Z, |Z: Cy(x)| =4 forall X € S*. Consequently
Y = C,(S) implies Y = C,(x) for x €S5#. Thus C@ (¥) normalizes Y
whence Q = (Ca (¥)Ix € §*) normalizes Y. As S centralizes Z/Y and Y,

so does [0, S] = Q. Hence Q acts trivially on Z. By (2.65), 0 = 1. But
then §= 0,(H) which is not the case. Thus |Z:C,(x)| =2 for some
x €5*.

Choose X €S# sothat |Z:C,(X)l =2,and let D be the normal clo-
sure of X in H*. Since D =S, H* =L_)Cﬁ‘(5). Let M=CF]‘(5)' M

must centralize [Z, O(D)] and act faithfully on C,(D)=2Z,. Since IS|=

S NM contains an involution f. |Z: CZ(S )l <4 implies Cz (1) has index 2
in Z,, and we see from our initial claim that the normal closure of 7 in M is
isomorphic to §5. Thus the normal closure of § in H* is isomorphic to S
x 83, and (ii) is valid.

(2.68) Assume the following conditions hold:

(@ mS)<4

(b) S is permutable with a cyclic 3-subgroup R of H and P = 0,(SR)
has index 2 in S;

(© If Py=[P R] and P, =Cp(R),then P=P, x P, and P, isa
four subgroup of Z;

@ Cs(Z) c P;

(¢) Some involution z of P, N Z(S) is not isolated in H.

Under these conditions, we have

(i) S — P contains an involution;

(ii) Either m(Z(S)) =3 or S=Dg x Dg or E4 VE,.

ProOF. We have Z =P x Z,, where Z, CP;. Also Py, x(z)C Z and
so Z=Eg or E; g as m(S)<4. Set C= Cy(Z). We have that T=SN
ce S(C) and that T C P. Moreover, TC S,s0 S #1. Since P, C Z, also
P=P,. Since R centralizes Z,, we also have that R is of order 3, Cg(ﬁ )=
P Fl, and IS:P|= _

Suppose first that Z Eg, whence H is isomorphic to a subgroup of
GL(3,2). Since R centralizes P of index 2 in S and S is elementary abelian,
the only possibility is that P =1 and H=S,. But then H=RS leaves z in-
variant and so z is isolated in H, contrary to assumption. Thus Z=E 4 and
H is isomorphic to a subgroup of GL(4, 2).

If A were nonsolvable, the only possibilities for H would be H == L,(5)

~
]
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or Z; x L,(5). Since R isinverted by an element of S, it follows in either case
that R C L(H) = L,(5). However, by (2.66(i)), applied to the semidirect product of
Z and L(H),Z is the natural module for L(H) and as R normalizes some Sylow
2-subgroup of L(H),R acts regularly on Z# by (2.66(iii)) which is not the case.
Thus H is solvable and as §# 1, |H| is not divisible by 7. If |H| were divisible by
5, the only possibility would be that H was dihedral of order 30. But then O(H)=
R x Q,where §=Z,and Q acts irreducibly on Z. However,Q leaves Py =

[, R] invariant and 1 C P, CZ. Hence also |H| is not divisible by 5 and so H is
a {2, 3}group.

We have that H D SR and it follows now that |H| is divisible by 9.
Furthermore, either O(H) = Z; x Z; is a Sylow 3-subgroup of H or F=
0,(H) = E,. Consider the latter case. We have that FC P = C§(§ ) and so
F leavesboth Z, and P, invariant and centralizes P,. Since Aut(Z,) =
GL(2, 2), it follows that F; = C.2)#1. But F, centralizes Z = PyZ,,
contrary to the fact that H acts faithfully on Z. Hence we have O(H) =
Z; x Z,.

We writt O(H) =R x V,where ¥V =Z, and V centralizes P, and
acts nontrivially on Z,. Furthermore, H = CNy(T) by the Frattini argument
and T=P, x T;, where T, =T NP;. We conclude easily from these condi-
tions that N (T) contains a 3-subgroup V' which maps on V, centralizes P,
leaves T, invariant, and acts nontrivially on Z,. These conditions imply that
Z, CZ(T,). Since m(S) <4, it follows that Z, = Q,(T,) andas V trans.
itively permutes the involutions of Z,, we also have that T is a Suzuki 2-group.
Since S has class 2, we easily check now that either (a) T; = E, or (b) ISl =2.
Moreover, in either case, as O(H) has no nontrivial fixed points on T, we obtain
again by the Frattini argument that S = TU,where U is elementary and T N
U= 1. In particular, S — P contains an involution.

Suppose first that |S| =2. Then § =U inverts R andso U leaves
both P, and T, invariant. Moreover, we can take ¥ to be invariant under U.
If U inverted V,we must have T, = Z, = Eg, otherwise it would follow im-
mediately that T,U had class at least 3, which is not the case. We conclude in
this case that S = ZU =E, v E,. On the other hand, if U centralizes V,
then U must centralize Z, as ¥ acts irreducibly and nontrivially on Z,.
Since S = TU, we see then that Z, C Z(S). Since also Py IS and U does not
centralize P, we conclude that m(Z(S)) = 3. Hence one of the alternatives of
(ii) holds when |S] = 2.

It thus remains to treat the case in which |S|>2, whence T, =Z,,T=
Z and S =ZU. Now H is isomorphic to a subgroup of a Sylow 3-normalizer
in Ag = GL(4,2), which has dihedral Sylow 2-subgroups of order 8. Since U =
S, it follows that U = E,. Furthermore, as a Sylow 3-normalizer in Ay is
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uniquely determined up to conjugacy, we conclude now that there are exactly two
possible actions for U on Z. Since A,, contains a split extension of E,¢ by
a Sylow 3-normalizer in Ag, we see that § = ZU is isomorphic to a subgroup of
A, It is now easily verified that either S = Dg x Dg or § is of type Ag.
However, the latter case is excluded as S has class 2. Thus one of the alternatives
of (ii) holds in this case as well.

Fusion. We require a number of general results about the fusion of 2-ele-
ments in a group G. In particular, we need Glauberman’s Z*-theorem [6] and
Thompson’s fusion lemma [22, 5.38], which we shall not bother to state explicitly.
However, Goldschmidt’s strongly closed abelian 2-subgroup theorem [11] and his
refinement of Alperin’s fusion theorem [8] will be more important for us. His
first result yields:

(2.69) If a Sylow 2-subgroup S of the simple group G possesses a non-
trivial abelian subgroup which is strongly closed in S with respect to G, then G
is isomorphic to one of the following groups:

L,(q),q=3,5 (mod 8),q9>3,J,,L,12"), 52(2"), U;(2"),n =2, 0r a
group of Ree type of characteristic 3.

We state his second result only in the case that G has a Sylow 2-subgroup
S of class 2 with elementary center.

(2.70) Let D be the set of normal subgroups D of S with the follow-
ing properties:

(@) N =Ng;(D) is 2-constrained and D is a Sylow 2-subgroup of
o 2',2(N ) _ _ o

(b) If N = N/D, then either |S|<2 or N/JON) contains a normal sub-
group of odd index isomorphic to L,(2") for some n = 2. Under these condi-
tions, D is a conjugation family for S in G.

In other words, the fusion in G of subsets of S is controlled by the set
of normal subgroups D of S with the above properties. This particular case of
Goldschmidt’s result follows immediately from his general result together with
(2.65) and the fact that any subgroup D of § with Cg(D) C D is necessarily
normal in S.

It is an immediate consequence of the definition that D is invariant under
conjugation by Ng(S). We note also that these conditions imply that C, (D) =
O(WN) x Z(D) and that the results of the preceding subsection can be applied to
the group NJON).

We shall need a sharpening of these results in some low rank cases. We
preserve the above notation and set N = N/D,N* = 0*(V), and Z =
Q,(Z(D)).

(2.71) Assume that S| > 4. Then we have

@) If m(Z)<6,then N*=L,(4) or L,(8) and correspondingly
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m(Z)=4 or m(Z) = 6;

@) If m(Z)<S5,then N*=L,(4) and m(Z) > 4;

(iii) If m(Z)<4,then N*=L,(4) and Z(D)=Z =E,,.

PROOF. By (2.65(iv)), N* acts faithfully on Z,s0 N* is isomorphic to a
subgroup of GL(k, 2), where k = m(Z) < 6. Moreover, by (2.70) and our
assumption on |1, we have that N*/O(N*) = L,(2") for some n > 2. But
O(N*) is isomorphic to a subgroup of GL(6,2) and so |O(N™)| divides
3% +5+7% .31 (as 3 divides IN*/O(N*))). Since L4(3)is minimal simple, it
follows at once that CN* (O(N*)) must cover N*/O(N*). But the groups
L,(2") have no nontrivial central extensions by a group of odd order as their
Sylow 2-subgroups for all odd primes are cyclic. Hence N* =L x O(N *),
where L =L,(2"). But 0*(N*)=N* as N* = 0% (V) and this forces
N*=L.

From the minimum degrees of the representations of L,(2"), it follows
now that n =2 or 3 and that k = 2n. Furthermore,if k=4, N* acts irre-
ducibly on Z, which forces Z(D) to be homocyclic. But N* acts trivially on
B1(D) by (2.65(iii)) and as N* acts nontrivially on Z, we conclude that Z(D)
=Z =E,. All parts of (2.71) now follow.

Some classification theorems. Finally we shall need certain general classifi-
cation theorems concerning simple groups with specified Sylow 2-subgroups. We
restrict ourselves to the case in which our simple group G has Sylow 2-subgroup
S of class 2.

First the main result of [1] yields

(2.72) If m(S)<2,then G=L,(q),q=7,9 (mod 16), 4,, or U,(4).

Applying [17], we obtain that G does not have product fusion.

(2.73) S cannot be written as the direct product of two nontrivial sub-
groups, each strongly closed in S with respect to G.

(2.74) § is not isomorphic to Dg x E,, Dg x Dg, Dg x Zz" x Zz"’ n=
1, E2m ~ E,,m=>2,and S does not possess a subgroup of index 2 isomorphic
to E, x Z,.

ProoF. Since G is simple, the first and last cases are excluded by a re-
sult of Fong [5], while the main result of [16] excludes the second and third
cases. Finally [11, Section 9, Corollary 6] rules out S = Ez"’ ~ E,.

3. The minimal counterexample. Henceforth G will denote a minimal
counterexample to the Main Theorem.
We first prove

ProrosiTION 3.1. If S is a Sylow 2-subgroup of G, then we have:
(i) Every proper subgroup of G is a C,-group;



SYLOW 2-SUBGROUPS OF CLASS TWO. I 33

(ii) Z(S) is elementary;

(iii)) m(S) = 3.

(iv) S contains no nontrivial abelian subgroup which is strongly closed in
S with respect to G.

ProoFr. If H is a proper subgroup of G, then a nonsolvable composition
factor K of H has Sylow 2-subgroups of class 1 or 2. In the first case, the
known structure of groups with abelian Sylow 2-subgroups implies that K € A;
while in the second case, the minimality of G implies that K satisfies the con-
clusion of the Main Theorem and again K € A. Since H also has Sylow 2-sub-
groups of class 1 or 2, H is therefore a C,-group. Thus (i) holds. Furthermore,
(i) follows from (2.1). If m(S) < 2, then by (2.72) G satisfies the conclusion
of the Main Theorem and so is not a counterexample. Hence (iii) also holds.
Finally if (iv) is false, G = Sz(2") or U,(2") by (2.69) and again G is not a
counterexample. Thus (iv) also holds.

We state two further properties of G.

ProroSITION 3.2. The following conditions hold:

@) If L,(G) is empty or consists of an evenly embedded L,(5), then
0(Cs(x)) =1 forevery x in 1(G).

(ii) If L(G) is empty, then H is 2-constrained with OH) = 1 for every
2-local subgroup H of G.

ProOF. By Proposition 3.1, we have m(G) = 3. Hence this proposition
follows at once from (2.64).

4. Special linear components. The bulk of this paper consists of demon-
strating that L(G) is empty; in fact, all but the final section is devoted to the
proof of this assertion.

We shall therefore now make the assumption

L(G) is nonempty.

Ultimately we shall show that this leads to a contradiction.
In this section, we prove

PRrOPOSITION 4.1. No element of L(G) is of type SL(2,q),q odd.

Assume false and let x € I(G) be such that A, has a component K of
type SL(2, q),q odd. We first prove

LemMA 42. If R € S(Cg(x)), then we have

(@) R normalizes K, and G'(R) centralizes K/O(K);

(i) If y € I(R) and y centralizes K/O(K), then L, (Cy(»)) liesina
component of A, of type SL(2, q).
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ProoF. Since K has nonabelian Sylow 2-subgroups, R normalizes K by
(2.13). Setting H = C;(x) and H = H/O(H), it follows from (2.18) that
INE(K )/KCE(I_( )l is odd, whence R C I_(CE(I_( ). But R NK is a quaternion group
andso B!(R)C Cﬁ(l_( ). Thus both parts of (i) hold.

Next let y be asin (ii). Setting K, = L(Ck (1)), (2.42) implies that K, C
L, andso by (2.43) the normal closure L of K in L, either consists of a single
component or two components interchanged by x. Clearly these components have
nonabelian Sylow 2-subgroups and so the second possibility is excluded by (2.13).
Thus L is a component of L(Cf(x)) and consequently K, =L by (2.27(v)),

Hence L =K/O(K) and so L is of type SL(2, q), proving (ii).

Now we can establish the proposition. Choose z in I(K),so that z central-
izes K/O(K) and z €L,(Cg (2)). Hence by the preceding lemma, z € L for
some component L of A, of type SL(2,q). Let J be the product of all
components of A, of type SL(2,q),set H = C;(z), and let S € S(H). Since
z lies in a quaternion subgroup of L,z €S’ and so S € S(G). Finally let E
be the subgroup of S which projects onto Z(J/O(J)). Then E is elementary
and z € E. Moreover, EC S’ and so E C Z(S).

We shall argue that E is strongly closed in § and this will contradict
Proposition 3.1. Let ¢t € E and suppose y = 8, g € G, is a conjugate of ¢
which lies in . We must prove that y € E. Setting M = L(C,(t)), we see that
M covers J/O(J) and so we can apply Lemma 4.2(ii) to each component of H
which lies in J to conclude that M lies in a product N of components of A,,
each of type SL(2, q). Another application of the same lemma to the compo-
nents of N and the involution z yields that M also covers N/O(N). In par-
ticular, N¥ is a product of components of A, of type SL(2,q) and E & pro-
jects onto Z(N8/O(N¥)).

On the other hand, y leaves each component J; of J invariant by (2.13)
and so y normalizes R, =SNJ;=Qg, 1<i<n. Since R;(y) is of class 2,
v centralizes an element u; of R; of order 4 and (u?)=Z(R)CE,1<i<
n. Clearly we have, in fact, £ = (u,?! 1 <i<n). It follows therefore that E C
UI(CS( ¥)). Hence if Q is a Sylow 2-subgroup of C;(y) containing Cg(y),
then ECU!(Q) and so E centralizes N¥/O(N®) by Lemma 4.2(i). In
particular, z centralizes this section and so if we set V = L(CNg(z)), we have
that V covers N&/O(N¥). Applying Lemma 4.2(ii) once again and using the
definition of J, we obtain now that ¥ CJ. But V and J consists of the same
number of components as J and N do and consequently V covers J/O(J).

Finally, y € E® projects into Z(Né/O(N¥)) and as y centralizes z, it
follows that y € V and y projects into Z(V/O(V)). Since V covers J/O(J),
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this implies that y projects into Z(J/O(J)). However,y €S and E is pre-
cisely the subgroup of S which projects onto Z(J/O(J)). We conclude that
y €E, as required, and Proposition 4.1 is proved.

5. Low rank cases. In this very long section, we shall establish a large num-
ber of results in the case m(G) < 6. In particular, we shall show (under our
assumption L(G) nonempty) that m(G) is necessarily at least 5. The analysis
will be almost entirely fusion-theoretic. Whenever S is a Sylow 2-subgroup of
G, D will always denote the Goldschmidt conjugation family (2.70) for S in G.

We begin with two preliminary results.

LEmMMA 5.1. If m(G)<6 and L, isof type L,(16) for x in 1(G),
then no involution of Cg(x) acts irregularly on L,. In particular, if m(G) <
6, then G is A-balanced.

PROOF. Assume false and choose x to violate the conclusion so that P €
S(C;(x)) has maximal order. Weset K =L,, T=PNK,R = Cp(K/0O(K))
and we let S€ S(G) with SDP. Alsolet y € I(P) act irregularly on K.
Note that by Lemma (2.19) we have |P:TR| = 2.

Consider first the case P C S. We claim first that P € S(Cz(a)) for all a
in I(Z(P) N R). Indeed, as J = L,«(Cx(a)) covers K/O(K), (2.43) implies that
the normal closure L of J in L, consists of either one component or two
components interchanged by x and that J projects onto L(Cp o )*))-

Hence by (2.26), L is either of type L,(16), L2(23), or consists of two compo-
nents of type L,(16). However, the last two cases are excluded by our assump-
tion m(G) <6. Thus L is of type L,(16) and so J covers L/O(L). But
PC Cg(a) as a €Z(P). In particular, y € Cg(a) and we see that y acts
irregularly on L. Now our assertion follows from our maximal choice of P. In
particular, as P C S, we have R N Z(S) = 1.

Since U!(R) C Z(S) by (2.1), it follows now that R is elementary. Like-
wise as R <P and [R, P] C Z(S), we also have that R C Z(P). Furthermore,
since T=E,, and TNR=1,wehave R=E, or E, as m(G) <6. Set-
ting E = Cp(y), we have that E = [T, y] = E, and E C Z(S). On the other
hand, Z(S) CZ(P) = E x R and so Z(S) = E. Moreover, P S as Z(S)CP.
Since Z(P)=E x R and Cg(@) =P for a in R*, we also obtain that
|IS:P|=2 or4.

We shall now contradict this fact. First of all, suppose R N RY # 1 for
some w in S — P. Then there exist u,v in R¥ with u =v" and we have
[v,w] CRNS'CRNZS)=1. Thus w centralizes v and so (P, w)C
C¢ (), contrary to the fact that P € S(Cg(v)). Hence RN RY =1 for w in
S-P

Now set N = N;(TR) and consider the conjugacy classes of (7R ) in N.
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By the structure of K, N contains a cyclic subgroup F which acts transitively
on T# and centralizes R. Hence F partitions TR — R into disjoint orbits
of size 15 = |T| — 1. Furthermore, TR 1§ as Z(S) C TR,so S C N. Take
w in § — P. Since all involutions of T are conjugate, they are all central in-
volutions. However, the involutions of R are noncentral. Hence RN TY = 1.
Since R N RY = 1, it follows that each element of R¥ is fused to a single
F-orbit of TR — T. This in turn implies that the conjugacy class of x in N
consists of 16k elements for some k. Since P € S(Cy(x)) and S € S(V), we
conclude that |S:P| is divisible by 16. This contradiction eliminates the
possibility PC S and so we have S =P.

By Thompson’s fusion lemma, y has a conjugate u in TR. We can assume
that y ~u in N=Ng(D) for some D in the Goldschmidt conjugation family
D with (y, u) C D; N =N"*Ny(S), where N* = 0% (V). We argue that we
can assume the conjugacy of y and u occursin N*. Since u € Q,(TR) and
¥y € TR, we need only show that Q,(TR) is characteristicin S. But m(R) =1
or 2 as m(G) < 6. Hence if v € I(TR), we see that m(Cg(v)) =>4 + m(R) as
v centralizes T. On the other hand, if v € (S — TR), then m(Cgv)) <1 +
m(Cr(v)) + m(R) = 3 + m(R) and the desired assertion follows.

By(2.65), N* centralizes D/Z, where Z = §,(Z(D)), and consequently
y =uz forsome z in Z. This yields that z & TR. Since D C Cg(z), this
implies that D N T C ER, where, as above, E = C(y) C Z(S). In particular,
[S:D|> 4. On the other hand, m(D) < m(Cg(z)) <m(E) + 1 + m(R) <5.
Now (2.71) forces |S:D| =4 and we conclude that § =DT with TND =E.

Again by (2.71), N* = N*/D = L,(4). Our conditions imply that T €
S(N*). But T centralizes Z,=ZNTR as TR=T xR andso |Z:Zy|>
4 by (2.66). But |Z:Z,| <2 as |S:TR|=2. This contradiction completes
the proof.

We first treat the case of noncentral involutions. We need two results, which
we shall prove simultaneously.

PROPOSITION 5.2. The following conditions hold in G:

G) If L,=1 forall x in 1(G) such that m(Cg(x)) = S, then m(G)
<4 and L, # 1 for some central involution z of G,

(i) If m(G)=5 or 6 and L,(9) € L,(G), then for some z in 1(G)
such that m(Cg(2)) = m(G), L, has a component of type L,(9).

We assume false and proceed in a sequence of lemmas to derive a contra-
diction. By our basic assumption, L(G) is nonempty and so L, # 1 for some
x in I(G) in case (i). Likewise in case (i), L, hasa component of type L,(9)
for some x in I(G). In each case we choose x so that a Sylow 2-subgroup P
of Cg(x) has maximal order and we let S be a Sylow 2-subgroup of G con-
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taining P. Since the proposition is assumed false, we have P C S in all cases.
Moreover, m(P) < 4 in case (i) and m(P) <m(G) =5 or 6 in case (ii). Ac-
cording as we are in case (i), or (i), we set K =L_,or K = the product of all
components of L, of type L,(9). Then K # 1 in both cases. In addition,
weset T=PNK and R = Cp(K/O(K)). We fix all this notation.

We first prove

LEMMA 53. K consists of a single component of type L,(q),q odd, A4,
U;(4), 7, L5(8), Sz(8), U;(8), or of Ree type.

PrOOF. Let J be a component of K and set J=J/O(J). By Proposi-
tion 4.1, we have J# SL(2, q), q odd. Furthermore, in case (i), m(K) < 4
and so J is not a nontrivial central extension of L,(4) by (2.16). Hence J
is simple in both cases and so x & J. Likewise m(J) <3 in case (i). It follows
at once now that J is of one of the types listed. Hence if J = K, the lemma
holds.

Suppose then that K has a second component L. Then similar conclusions
hold for L, so that L/O(L) is simple and x & L. This implies that m(Cg(x))
>m(J) +m(L) + 1 > 5. Hence equality holds throughout and m(J) = m(L) =
2. In particular, we are necessarily in case (ii).

Suppose S N L contained a central involution y. Since y centralizes
J/0(J), it follows from L-balance and (2.26) that L, has a component of type
L,(9). Since Cg(y) contains a Sylow 2-subgroup of G, our maximal choice of
x and P is contradicted. Hence no involution of S N L is central; and, in
particular, S N L must be abelian, contradicting L = L,(9).

We next prove

LEMMA 54. The following conditions hold:

@ RNZES)=1;

@ R C2,@@)

(i) RNR¥Y =1 for win S—P;

Gv) If TNRY #1 forsome w in S — P, then T is elementary and
TNZES)=1;

W) P4

ProOF. If y € I(R), then L,(Cx(»)) covers K/O(K). In case (i),
L-balance implies that L, # 1, and in case (i), (2.43) and (2.26) imply that L,
has a component of type L,(9). Hence if y € Z(P), our maximal choice of P
forces P € S(C;(»)). In particular,y & Z(S) as P C S, so (i) holds. More-
over, (i) and (iii) now follow exactly as in the proof of Lemma 5.1. Likewise
P4 S as Z(S) C P, so (v) also holds.

Finally as ©(T) C Z(S), either T is elementary with TN Z(S) =1 or
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T contains an involution ¢ of Z(S). But all involutions of K are conjugate
by the structure of K. Hence if TN RY # 1 for some w in S — P, then
t~y forsome y in R and so y would be a central involution of G. But
as we have seen, Ly #*1,o0r Ly has a component of type L,(9), as the case
may be. Hence our maximal choice of P and x would be contradicted. Thus
(iv) also holds.

We shall divide the analysis into two subcases:

Subcase (a). Cp(T) C TR;

Subcase (b). Cp(T) ¢ TR.

Lemmas 5.5-5.8 are proved under the assumption Cp(T) C TR.

LEMMA 55. Wehave TNRY =1 for w in S - P.

PrOOF. Suppose false, in which case T is elementary and TNZ(S)=1 by
the preceding lemma. Consequently TN P =1 and now (2.18) yields P =
TR=TxR. Since P<1S and RNZ(S)= 1,also R is elementary.
Furthermore, as all involutions of T are conjugate in K and TNRY # 1,
they all are conjugate to involutions of R. In particular, no involution of T is
central.

We claim next that TN TY =1 forany w in S — P. Indeed, if false,
then the argument of Lemma 5.1 (with the roles of T and R interchanged)
yields that w centralizes some involution ¢ of T. But then |Cg(¥)l >|RT|=
|P|. However, as ¢ is conjugate to an involution of R, our maximal choice of
P is contradicted. Thus TN TY = 1, as asserted.

We have that w normalizes P and m(P) <5. Since RNR¥Y =TnN
T =1, the only possibility is that R=T=E,,and [R, w] =E,. In par-
ticular, m(Z(S)) = 2. Since Z(S) CP with ZS)NR=Z(S)NT=1,we
have, in fact, Z(S) = E,,.

Now K contains a 3-element v which acts nontrivially on T and trivially
on R.

Considering the action of v on Z(S), we see that P contains at least 9
central involutions of G. Since none of the involutions of R or T is central,
it follows that T(R U T) consists precisely of the noncentral involutions of G
which liein P. Since RNRY =TNTY =1 for w in S — P, we conclude
that any such w must interchange R and T, whence |S:P|=2. Thus,in
fact S =P(w) and we can choose w to be an involution. Therefore § =
E, v E,, contrary to (2.74).

LEMMA 5.6. The following conditions hold:
(@) ,(T)=2(S) =[S x];
(ii) P=RT;
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@) IRI<IZ(S)I;

@v) IS:PI=1Z()l;

W) m(S) < 2m(Z(S)).

ProOF. We know already that R is elementary. Hence if B, € M(T)
and we set B = B R, we have that B € M(TR). Weset Z=Z2(S) and N =
Ng(B). Since ZC P and Cp(T) C RT by assumption, we have Z C RT,
whence ZC B. Thus B<S and so S CN. Furthermore, by the structure of
K, N contains an element v which acts transitively on Bf and trivially on R.

We consider the conjugacy classes of B¥ under the action of N. By the
action of v on B, the elements of Bf y are all conjugate in N for a fixed y
in R¥. Taking w in S — P, we know that RNR¥ =1 and B, NR” =1
by Lemmas 5.4(iii) and 5.5. This implies that R¥ N Bf y consists of a single
element for each y in R. If this element is »* with b in R¥ then the
elements {b} U ny are all conjugate in N and this set has order 2" = |B,|.
Furthermore, the involutions of B — B, are all noncentral in G,so Z C B,.
Since v acts transitively on BY, all involutionsof B, are central in G, so no ele-
ment of B — B, is conjugate to an element of B. We conclude that the
N-classes of B¥ consist of Bf and unions of subsets of B — B, , each of size
2",

Clearly x €R and our argument yields that [N : Cy(x)! is divisible by
2", Thus |S:P| is divisible by 2" and consequently sois [[S, x]|. But
[S,x] CBNZ andso |Z| >2". However,ZC B, and |B,|=2". We
therefore conclude that B; =Z = [S:{x)]. In particular, B, C Z(T) and so
T is not dihedral of order 8. But now considering the possibilities for K as
listed in Lemma 5.3, we conclude at once that Q,(T) =B, = Z.

Thus B=Z xR. Since RNRY =1 for win S—P and B4 S,
it follows now that |R| < |Z]. Furthermore, if m(T) = 3, then by Lemma
5.3 and (2.18), we have P = TR. The same conclusion holds if K is of type
U,(4) by (2.18). The only other possibility is that T=2Z = E,. Since
Cp(T) C TR, we reach the same conclusion in this case as well. Thus all parts of
(i), (ii), and (iii) hold. Furthermore, as [S, x] C Z, which has order 2", and
Cg(x) =P, we have |S:P|<2". Since we have already established the reverse
inequality, (iv) also holds.

Finally let 4 € M(S). If 4 C P, then clearly A =B =ZR and so by
(iii), m(4) < 2m(Z). Thus (v) holds in this case. Suppose 4 £ P. We have
ZCA and ANPCB. Since RNRY =1 for w in §— P, it follows that
ANP=2Z But |[4:4ANP|<|Z| by (iv) and so (v) holds in this case as well.

LEMMA 5.7. T is elementary.
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ProOOF. Suppose false. Since Q,(T) =Z = Z(S) is elementary by the
preceding lemma, K is necessarily of type U,(4), U;(8) or Sz(8). In particular,
we are in case (i). Moreover, if |Z|= 2", we have n = 2 or 3, and again by the
preceding lemma, we have correspondingly m(S) <4 or 6.

By Proposition 3.1, Z is not strongly closedin § andso z~y in G
for some z€Z and y €S — Z. The argument of the last lemma showed that
all involutions of ZR — Z are noncentral. Since ,(P) =ZR in the present
case, it follows that y €S — P.

By (2.70), we can assume that z ~y in N =Ng(D) for some D in D.
We have that N = N*N,(S), where N* = 0¥ (V). Since Ny (S) leaves Z =
Z(S) invariant, we can suppose without loss that z~y in N* Since z €
Z(D), it follows that also y € Z(D). Thus D C Cg(y). Butif a €ZR - Z,
a=z,r with z, €EZ and r €R¥. Since Z = Z(S), it follows that Cy(@@) =
Cs() =P. Since y €S — P, we conclude that D N ZR = Z. In particular,
RND=1.

We use this to prove that |S :D|> 2. Suppose false. Since RND =1,
this forces R =(x)=F, and likewise we have |7R :D N TR| < 2. Together
these conditions imply that D covers TR/R and so by the structure of T, it
follows that Z C D'. But N* acts trivially on D' by (2.65) and so z cannot
be conjugate to y in N* Thus |S:D|>2, as asserted.

Now set E = U!(D). We have that m(S)< 4 or 6 accordingas |Z|=
4 or 8. We can apply (2.71) and (2.66) to conclude that |S:D|<|Z:E|<

1Z].

On the other hand, |P: Z| = |Z||RI, by the structure of T,so |P:Z| >
|Z|]. Since |S:D|<|Z|,it follows that PN D D Z. Since Q,(P)=ZR and
ZR N D = Z, we see that P N D contains an element of order 4. Thus E # 1
and as |Z:E|>|S:D|> 4, we must have equality throughout with |Z| =8
and |E|=2. However,as |S:D|=4,|P:PND|<4. According as K is
of type Sz(8) or U,(8), |P|=> 21Z|% or 2|Z|3 and consequently |PND|>
4|Z| or 4|Z|? respectively. But PN D is isomorphic to a subgroup of T containing
Z inasmuchas ZRND=2Z and P=T x R. It follows directly now from the
structure of a 2-group of type Sz(8) or U,;(8) that |51(P N D)| >4 whence
|E| > 4. This contradiction establishes the lemma.

Finally we can eliminate the case Cp(T) C TR.

LEMMA 5.8. We have Cp(T) € TR.

ProOF. Note first that as in the preceding lemma, z ~ y in G for
some z in T# and y in § — P and that this conjugation can be taken to
occur in N* = 0? (Ng(D)) for some D in D.
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By Lemmas 5.6(i) and 5.7, T = Z(S). We know that K contains a cyclic
subgroup F, which acts transitively on T# and centralizes R. Then F,
normalizes H = Cg(T) N Ng(P). As SC;(P) = 0,(H/C;(P)), it follows by the
Frattini argument that N;(S) contains a cyclic subgroup F which acts transi-
tively on T# and centralizes R. Setting Fy = C(T), we have that F/F, is
cyclic of order |T|—1=2" —1,n=2 or 3, and that F,, centralizes P =
TR = Cg(x). Thompson’s (4 x B)-lemma now yields that F,, centralizes S.
Since |S/P|=2" and [S, (x)] = T, it also follows that F/F acts transitively
on (S/P)*. Since S/T is elementary, this in turn implies that S/T = Q/T x
P/T, where Q/T is elementary or of order 2" and F acts transitively on
@/ry*.

If Q@ — T contains an involution, then every coset of T in Q contains
an involution and it follows that Q is elementary of rank 2" . In the contrary
case, ,(Q) = T and so our involution y has the form y = y,y, with y, €
Q-T and y, €R*. Since y2 =1, y, must then invert y,. Conjugating by
the elements of F, it follows that y, must invert Q. Thus Q is again abelian
and in this case Q is homocyclic of exponent 4 and rank n.

We next eliminate the latter case. Since CQ(a) =T for a in R¥, y, is
the only involution of R which inverts Q. This implies that all involutions of
S—P lieintheset (Q—-T)y,. But y€EZ=Q,(Z(D)) as zETCZ and
Y~z in N *. Furthermore, DN Q=T as y inverts Q and centralizes D.
Our argument thus yields that Z = T(y) isof rank n + 1 and that |S/D|>
2". However,as n =2 or 3, this contradicts (2.71).

There remains the case that Q is elementary. This time we use the fact
that Q is not strongly closed in S, whence u ~v in G for some u in Q
and v in §— Q. Thus v=v,v, with v, €Q and v, € R¥. Again v, in-
verts v, and so v, centralizes v,, whence v, €T and v €P. Again as
CQ(a) =T for a in R¥, we see that all involutions of S lie in either Q or
P=TR. Hence Q and P are the only elements of N(S), which implies at
once that each is normal in Ng(S).

Again the conjugacy of # and v can be taken in N = N;(D) for some
D in D. Since N =N *Ny(S), where N* = 0% (N), we can therefore assume,
in view of the preceding paragraph, that the conjugacy occurs in N *. Again we
set Z = Q,(Z(D)). Suppose first that vEZ. Since vEP-T=TR - T,
Cs) =P andso DCP. Butthen u €Q ND=T. However,as v E TR —
T, v is noncentral and hence so also is u, contrary to the fact that T = Z(S).

So assume finally that v & Z, in which case also u & Z, whence u € Q —
T. Then Cp(u) =T and as CQ(v) =T and Z centralizes both u and v, we
conclude that Z =T. Since S centralizes T = Z(S) and N* is generated by
the conjugates of S, N* thus acts trivially on Z. But N* also acts trivially on
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D/Z by (2.65) and consequently N * leaves both Q N D and PN D invariant,
contrary to the fact that 4 ~v in N* and u€QND,vE@PND)- Q.
We have therefore shown that Cp(T) € TR. Applying (2.24), we obtain

LEMMA 59. K isof type A, or Ly(q%),q=3,5 (mod 8),q > 3.

In particular, T= Dg and P/R = Dg x E,. We can therefore write P =
T x R,, where R, contains R as a subgroup of index 2. Since R C Z(P), it
follows that also R; C Z(P). Furthermore, except when K is of type L,(9),
we can choose R; so that A(Cx(R,)) # 1.

We first prove

LEMMA 5.10. The following conditions hold:
@ R, NZES)#1;

(i) R, is elementary,

(iii) K is of type L,(9);

(iv) m(R)<2.

PrOOF. Suppose (i) is false. Since T'CZ(S)CZ(P)=T' x R,, our
assumption implies that 7' = Z(S) = E,. Butas P < S,also Z(P) <1 S. This
forces R, to be elementary, otherwise U!(R,) = U'(Z(P)) < S, whence R,
N Z(S) # 1. Furthermore, as [S, x] C Z(S) = E,, [S:P|=2,50 §=P{w)
with w2 €P. But R, DR,s0 m(R,)> 2. Considering the action of w on
Z(P) =T' x R, it follows that CRl(w) # 1. However, Cp l(w) centralizes
P{w)=S and so Cp l(w) C Z(S), proving (i).

If R, isnot elementary, then U'(R;)CR,whence R NZ(S)# 1 by
(2.1), contrary to Lemma 5.4(i). Thus (ii) also holds.

Suppose next that K is not of type L,(9), in which case L, (Cx(z)) # 1
for z in Rf N Z(S) and we are in case (i). We have L, # 1 by L-balance,
and since S C C(2), our maximal choice of P and x is contradicted. Thus
(iii) also holds.

Finally suppose that m(R) > 3. Since Z(P) =T x R, we have
|Z(P): R| = 4. But then if we take w in S — P, w normalizes Z(P) and so
R NRY # 1, contrary to Lemma 5.4(iii)). Thus m(R) < 2, proving (iv).

We next prove

LEMMA 5.11. R, is normal in S.

PROOF. Suppose false. We have R, =(z) x R, where z € Z(S) by the
preceding lemma. Since T’ x R, = Z(P) < S, it follows that for some w in
S—P and a in R¥,a¥ € Z(P) — R,. As usual, our maximal choice of P
implies that P € S(Cg(a)).
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Choose B in M(P). Then as Z(P) is elementary, B =B, x R,, where
B, =BNT=E,. Moreover, B S. By the structure of K, K contains a
cyclic 3-subgroup F which centralizes R, and acts nontrivially on B,. Set
N =(F, S),so that N normalizes B and centralizes z. We put N = N/{z)
and study the N-conjugates of a

Since T'C B,, the involutions of B, are all central and hence so are
those of B,(z). Since a € R* is noncentral, @ is not conjugate to an element
of B,(z) and so all Nonjugates of @ licin B — B,. If |R| =2, our con-
ditions imply that all elements of B — B, are conjugate, so a has 4 conjugates
in N and consequently |S:C (a)l 4 But |S:C (a)I =[S, 2]l =

I[S al]l c [Z(S)l = 2. Since m(R) 2 by the precedmg lemma, we must
have R = E,. Moreover, we reach the same contradiction if the number of con-
jugates of @ in N is a multiple of 4.

We claim that w must centralize some # in R¥. Indeed, as S’ c
B,(z),S leaves B,(z) invariant and consequently N normalizes B,. Hence
the elements of R¥ are conjugate in N only to elements of B — B,. Further-
more, the orbits of F on B — R each contain 3 elements. But then if R N
RY =1, it follows easily as in the proof of Lemma 5.6 that the N-classes of
B- 1_31 are unions of sets containing 4 elements and so the orbit of & has
order divisible by 4, which is not the case. Hence R "R # 1 and so there
exists # in R¥ such that u®” =0 E€R¥. If 0#u,then [, 0] #1 and so
S'NR+#1. Butas z and S’ liein Z(S), this implies that Z(S) "R # 1,
which is not the case. Thus v =u and so w centralizes u.

We now see that R ={a u) and that B — Bl is the union of the sets
{a} UB}a™, {au} U B (au)”, Bfu,and {u} of orders 4, 4,3,1 re-
spectively. All elements of each set are conjugate in N. The orbit of 7 in N
is the union of certain of these sets and so the number of conjugates of & in
N=0,1, 3 (mod 4). However, this is impossible as the number of such conju-
gates =2 (mod 4)as |S:C_@@)l=

As an immediate corollgry we obtain

LEMMA 5.12. We have |R|=2 and |S|=

Proor. We know that |R,: Rl =2 and that Cg(@) =P for a in
R*. Since R;<S and S§DOP, these conditions force |R| = 2 and
IS/Cg(R,)l = |S/Pl=2. But TR hasindex 2in P and so |S|= 64.

We next prove

LEMMA 5.13. We have T 1 8.

PrOOF. Suppose false in which case some four subgroup B, of T is not
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normal in S. Let B=B;, xR,,F,N,and z be as in Lemma 5.11. As before,
F acts transitively on the sets Bf a, a €R,, and there exists w in S - P
which centralizes z and interchanges x and xz. (R, =(z, x) as |R|=2.)
Furthermore, if y € B¥ N Z(S) we have that (yx)” = yxz. We conclude from
this that the following are subsets of the N-classes of B¥ :Bf, Bf z, {z},

Bf {x,xz},and {x,xz}.

If b€ B¥, then b is a central involution of N and so b cannot be
fused to x or xz. For the same reason the N-class N, of b has odd order.
Now N, is a union of B¥ andatleastone of the sets B¥z, {z}, and
Bf {x,z},as B, isnotnormalin S. The oddness of |N,| now forces b to
be fused to both sz and {z} or to Bf {x,z}. We conclude that |N,| =
7,9 or 13.

Since N = N/Cy (B) is isomorphic to a subgroup of GL (4, 2), whose
order is not divisible by 13, the third possibility is excluded. If [N,| =9, then
N has Sylow 3-subgroups of order 9 and consequently z would not be isolated
in N. But in this case, the N-orbit N, of z is a union of certain of the sets
{z}, Bf*z, and {x, xz}. However, as z is a central involution, the third set is
excluded and so |N,| = 4, contrary to the fact that z € Z(S). Finally if
IN,|=17,then N, =(B;,z>* and N contains a cyclic 7-subgroup F, which
acts transitively on (B, z)¥. Then the orbits of F, on B —(B,z) have sizes
1 and 7 and consequently the sets Bf {x, xz} and {x, xz} must be fused in N.
Thus x has 8 conjugates in N, contrary to the fact that |S: Cg(x)| =|S:P|
=2.

Now we can at last complete the proof of Proposition 5.2. Since TS
with T=Dg and S of class 2, it follows that § = TQ, where Q = Cg(T).
Then Q contains T'R, as a subgroup of index 2. If Q — T'R, contains an
element u with u2 €R,,then S =T x R,(u). Furthermore, as Cg(x) =P,
u does not centralize x and so R,(u)=Dg. Thus §= Dy x Dg, contrary to
(2.74). Therefore no such u exists.

Hence if u €Q — T'R,, then u® & R,. Since u? € Z(S), it follows
that u? =ta with (t)=T anda €(z). If a = z, then
(ux)® = tz[u, x] = tz* = t. Hence replacing u by ux, if necessary, we can
suppose that u? = t. Furthermore, if t, isanelement of T of order 4, we
have tf =t and t, centralizes u, whence t,u is an involution of S—P. In
addition, Cg(t,u) =(t;) x(z) x (tyu) =Z, x E,. We easily compute now
from the structure of S that Cg(w)=Z, x E, forevery w in I(S - P).

Observe next that P = Q,(P) and for any involution v of P, we have
m(Cp(v)) = 4. It follows therefore from the preceding paragraph that P <IN(S).

Finally we apply Thompson’s fusion lemma. Taking w in I(S — P), we
have that w ~v in G for some v in P. As usual, we can assume this
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conjugacy occurs in N =Ng(D) for some D in D. Since N=N *NN(S),
where N* = 0% (V),and P <l N4(S), we can suppose, in fact, that it takes
place in N*. Setting Z = Q,(Z(D)), we have that N* acts trivially on D/Z.
But then if Z C P, it would follow that N * normalized PN D, contrary to
the fact that vEPND and wED — P. Thus Z ¢ P. Taking w, in Z -
(P N Z), we have that D C Cg(w,) = Z, x E,, which implies that |S/D|> 4
and m(Z) < 3. However, this is impossible by (2.71) and Proposition 5.2 is
proved.

With the aid of Proposition 5.2(i), we shall next prove

PROPOSITION 5.14.  There existsan x in 1(G) such that m(Cg(x)) =5
and L, # 1. In particular, m(G) = S.

By Proposition 5.2(i), there is a central involution z in G for which
L, #1. We choose z so that |L,/O(L,)| is maximal. The proposition holds
if m(Cg(z)) > 5 and so we can assume that m(C;(z)) <4. As before, we
shall derive a contradiction from this assumption.

We let S be a Sylow 2-subgroup of Cg(z), so that S € S(G). We again
set K=L,,T=8NK,and R = Cg(K/O(K)). Since m(Cg(z)) <4 and no
component of K is of type SL(2,q),q odd, it follows at once that K con-
sists of a single component of type L,(q), q odd, A4,, U;(4),J,, L,(8), U3(8),
Sz(8), or of Ree type. In particular, TR = T x R. Furthermore, m(R) <2
with m(R) =1 if m(T) = 3.

We first prove

LeEmMMA 5.15. We have S D TR.

PROOF. Suppose by way of contradiction that S = TR =T x R. We note
that our argument will use only the fact that S has the form T x R with cer-
tain possibilities for T and will depend on no other properties of T and R.
Consider first the case that m(R') = 2. By Goldschmidt’s theorem, some y €
R’ has a conjugate in S — R'. As usual, the fusion can be taken in N = N;(D)
for some D in D. Set N=N/DCy(D). If R=1,then R CD and so
D =R x (DNT). By the Krull-Schmidt theorem, either R'"<{N or DN T
has a subgroup isomorphic to R. However,as y €R’ is fused in N to an ele-
ment of D — R’, the second alternative must occur. Since m(R) = 2 in this
case,m(T) =2 and so T is dihedral. But as R isisomorphic to a subgroup of
T, this forces m(R') <1, contrary to m(R')=2. Thus R # 1.

By the structure of NN, the conjugates of R in N generate N* =
0% (V). Butas R'C Z(R) and m(R') =m(R) =2, R’ = Q,(R) whence
Q,(8)=Q,(T) xR". Hence R centralizes §,(S) and so centralizes Z =
Q,(Z(D)). Thus N* does as well. But y € Z(S) as y ER' C Z(S) and
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N= 1'\7"‘1\/17(.8T ). Hence the fusion can be assumed to take place in Ng(S) and

so we can suppose that S =D. But then R = 1, contrary to the preceding para-
graph. We therefore conclude that m(R') < 1.

If T isof type Sz(8), U;(4), or U,;(8), we can repeat the preceding argu-
ment with T and R interchanged. With the corresponding D, N, and N, if
T = 1, we obtain this time that D = T x D N R. Likewise the Krull-Schmidt
theorem and the fact that some involution of 7' is fused in N to an element
of D — T' implies that D N R contains a subgroup isomorphic to 7. But then
as m(T') > 2, also m(R") > 2, contrary to what we have just shown. Hence
T+#1 and,as T' = Q,(T), we can reduce, as above, to the case § =D, con-
trary to T # 1. Therefore T=E,, Eg, or Dy.

Next assume m(R') =1, let y be the involution of R’, and again con-
sider D, N,and N. If R=1,weagainhave D=R x(DNT) and DNT
contains a subgroup isomorphic to R. Since R is nonabelian, this forces R ==
T =Dy, 50 §=Dg x Dg, contrary to (2.74). Thus R # 1. If N* = 0¥ (V)
centralizes y, we can again reduce to the case S = D, contrary to R #1. Hence
we can also assume that N* does not centralize y. But then (2.65) yields that
y ¢ D' or U(D). Since R’ is cyclic, the first condition implies that R N D
is abelian and now the second yields that R "D =(y) x B for some cyclic
subgroup B.

Suppose now that T'C D. Since R centralizes T and Cg(D) C D, we
have Cx(RND)CRND. Since RE D,RND ¢ Z(R) and, in particular,
B#1. If RND=E,, then necessarily R = Dg. Since m(S)<4,T# Eg
andso T=E, or Dg,whence S=E, x Dg or Dg x Dg, again contradict-
ing (2.74). Thus |B|> 2. In this case, ,(B) C Z(S) N R C Z(R). Since also
¥y € Z(R), it follows that £ (R N D) C Z(R). This implies that R centralizes
Q,(D) and hence so does N*. Once again we can now reduce to the case S =
D, contrary to R # 1. We have therefore shown that T ¢ D.

If T were abelian, then T C Z(S) C D,so T is nonabelian and hence
T=Dg. If D covers TR/R, then m(Z(D)) < 3. Hence by (2.71), |S: D| = 2.
This in turn implies that D also covers TR/T. Since TR =T x R, it follows
that Z(D) = Z(S). But then N* centralizes Z(D) and so centralizes y, which
is not the case. On the other hand, if |D N T| <2, then |S:D|=> 4, while
m(Z(D)) < 3, contrary to (2.71). Thus |[DNT|=4 and D does not cover
(TR)/R, which implies that D =D N T) x (D N R). Again we have |S:D|
>4 and now (2.71) implies that N * = L,(4) and that D=E,,. Thus DN
T=DNR=E,, whence R=Dg and again S =Dy x Dg, contradicting
(2.74). We have therefore finally eliminated the case m(R') =1 and have there-
fore shown that R is abelian.

Butnow R CZ(S) as =T x R. Since Z(S) is elementary by (2.1), it
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follows that R =E, or E,. But § is nonabelian and so T = Dg, whence S =
Dg x E, or Dg x E,. In either case, (2.74) yields a contradiction.
Since we know the possibilities for K and since S # TR, (2.18) now yields

LEMMA 5.16. K is of type L,(q),q odd, or A,. In particular, T =E,
or Dg.

As remarked above the argument of Lemma 5.15 applies equally well in the
case S=T, xR, with T} =E, or Dg to yield the same contradiction.
Hence we also have

LeMMA 5.17. S is not of the foom T, x R, with T, =E, or Dg. As
a corollary, we obtain

LEmMMA 5.18. We have T =E,.

Proor. If false, then T'=Dg and by (2.18),S/R =Dy x E, and S/R =
TR/R x R;/R for some subgroup R, of S with |R, :R|=2. Thus S =
T x R,, contrary to the preceding lemma.

We next prove

LEMMA 5.19. We have 2,(R) is abelian.

PROOF. Suppose false, in which case R contains two noncommuting invo-
lutions. Since R has class at most 2, the dihedral group ' ¥V which they generate
is necessarily isomorphic to Dg. Since m(R) <2 and R < §, either Z(S) N
R=Z, or E,. However, in the latter case clearly Z(§) NR = Q,(R) and
Q,(R) is abelian, contrary to assumption. We thus conclude that Z(§) "R =
(z)=V'. Since S hasclass 2 and R < S, this in turn implies that V' < §
and that S centralizes V/V'. It follows therefore that § = VCs(V).

Since S/R =Dy, S — TR contains an element whose square lies in R and
so §=1TR, for some subgroup R, with TN R, =1 and R, containing R
as a subgroup of index 2. Setting @ = Cx(V) and Q, =Cp 1(V)’ we have
that R=VQ, R, =VQ,,and Q, contains Q as a subgroup of index 2. Fur-
thermore, as m(R) =2,0=Z,, Z,, or Qg. Observe next that if Q, =
QxY with Y=Z, then S=TY x VQ with TY =Dy and we see that
Lemma 5.17 is contradicted. Hence Q, is not of this form and as R, has
class 2 and exponent 4, we conclude now that Q, =Z,, Dg, Og,01r Qg *Z,.

We have that Z(S) = (¢, z), where {t) =T N Z(S), and we argue next
that no two of the involutions z, ¢, £z are conjugate in G. Indeed, if false, then
by a result of Burnside, this conjugation would occur in Ng(S) and so Ng(S)
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would necessarily contain a 3-element which cyclically permuted the involutions
of Z(S). But then S/¢)=§/z). However,as S = TVQ,, we see that S/(z)
=Dy x Ez" for some n and so S/z) does not possess a subgroup isomorphic

to VQ,. On the other hand, clearly S/¢) does possess such a subgroup. This
contradiction establishes our assertion.

Now we can complete the proof. We know that z is not isolated in G
and so is not isolated in N = N (D) for some element D in 0. Since N =
N *NN(S ), where N* = 02'(N ), and since z is isolated in N;(S) by the pre-
ceding paragraph, we have that z is not isolated in N ™*. It follows therefore
from (2.65) that z ¢ T'(D). But R) = VQ, =Dg *Z,, Dg * Dg, Dg * Qg, or
Dg * Qg *Z,. Hence if R, isa subgroup of index at most 2 in R, we see in each
case that z € ZS‘(RO). Thus no such subgroup R, canlie in D and conse-
quently |R,/R, ND|> 4, whence |S/D|>4. On the other hand, as m(S) <
4, we conclude now from (2.71) that Z = Q,(Z(D)) = E,, and that N * acts
transitively on Z¥. Since Z(S) C Z, all involutions of Z(S) are thus conjugate
in G, contrary to what we have shown above.

We can now prove

LemMMma 5.20. S — TR contains an involution.

PrOOF. Suppose false, in which case B = Q,(S) =T x Q,(R). By the
preceding lemma, we have that B is elementary. Clearly B is strongly closed in
S, so Proposition 3.1 is contradicted.

We let y denote an arbitrary involution of § — TR. Then T(y) = Dj.
We also set B =§,(TR) =T x £,(R), so that B is elementary. We fix this
notation. To analyze the remaining situation, we need the following preliminary
result.

LeEMMA 5.21. If m(Z(S)) = 2, then z is not conjugate in G to an invo-
lution of TR —(z).

PrOOF. Suppose false, so that z ~u in G forsome u #z in B. If B
is weakly closed in S, then z ~u in N =Ng(B). On the other hand, by the
structure of K, § is permutable with a cyclic 3-subgroup F of K with F
centralizing R and acting nontrivially on T. Since T C B, F normalizes B
and so F C N. Moreover, if we put P = TR, it follows again from the structure
of K that Cg(B) C P and that P = 0,(SF). Since T= [P, F] E, and R
centralizes F, we conclude that all the assumptions of (2.68) are satisfied with N
in place of H. Since m(Z(S)) = 2, we conclude that S=Dg x Dg or E,, E,,
contrary to (2.74). Hence B isnot weakly closedin S and B#B8 C S for some
g €G. Since y does not centralize T, it follows that B € M(S). Thus BE €
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M(S) whence B® < S. A result of Burnside implies that we may assume g lies in
N =N;(S). As B S, we may take g to be of odd order. If z¢ =z, then

g €M = C;(z). But by the structure of M, M has a subgroup of index 2 with
TR as Sylow 2-subgroup. Hence g normalizes TR and so Bf C Q,(TR) = B,
which is not the case. Therefore we also have that z% # 2.

Under the present assumptions, clearly Z(S) = (¢, z), where (t)=TnN
Z(S)=E,. Hence (z)=R NZ(S) and so also (z%)=RE& N Z(S). Since R
and R are each normal in S, the assumption R N R€ # 1 would imply that
RN R&NZ(S)+# 1, whence z = z%, which is not the case. Hence we must
have RE NR = 1. But S/R =Dg,s0 RE and hence also R is isomorphic to
a subgroup of Dg. As Q,(R) is abelian, we have, in fact, R = E,, E,, or Z,.
However, the first case is excluded as then S = T'(y) x R, contrary to Lemma
5.17. For the same reason, y does not centralize R. But then if R = E,, we
see that § = E, ~v E,, contrary to (2.74). On the other hand, if R=2Z,, we
check directly that S = (T x R){y) possesses no nontrivial automorphisms of
odd order. Since |gl| is odd and g normalizes S, g thus centralizes S, whence
2% = z, which is not the case. Thus our initial supposition leads to a contradic-
tion, and the lemma is established.

We can now prove

LEMMA 5.22. y is not extremal in S.

ProoFr. Suppose by way of contradiction that y is extremal in S. By
Thompson’s fusion lemma, we have u® =y and Cgu)® C Cg(y) for some u
in 7R and g in G.

Now Cr(y)=(t)=Z, and Cg(y)={(t,y) x Cx(y)=E, x Cx(y).
On the other hand, Cg(u) D T x Cp(u). Moreover,if u =ts, tET, a €ER,
we have Cp(u) = Cx(a). But then if @ € Z(R), we have T x R C Cg(u)
whence (T x R)8 C Cg(y) =(¢, y) x Cx(y) forcing |Cr(y)l = IR|. Thus
y centralizes R andso §=T(y) x R contrary to Lemma 5.17. Hence a ¢
Z(R). Since m(R) =1 or 2, this forces m(Z(R)) = 1, whence z is the
unique involution of R N Z(S). Thus Z(S) =(¢, z) and we conclude that
m(Z(S)) = 2. Hence the preceding lemma is applicable.

Suppose z € B} (Cg(w)) or Cg(u)'. Since |S:TR|= 2, it follows then
that z% € TR. Now the preceding lemma yields z& =z, whence gEM =
C;(2). But M has a normal subgroup of index 2 with Sylow 2-subgroup 7R.
Hence y and u cannot be conjugate in M. This contradiction shows that
z & B1(Csw)) or Co(w)'.

Since ©,(R) is abelian and m(R) < 2, we see that Q,(R) = (g, z).
Thus ¢a,z) <R and so R, = Cgr(a) has index at most 2in R. We have z &
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'

Ry or UI(RO), s0 R, is abelian of type (27, 2) for some n. If n> 1, then
UI(R o) Wwould contain a central involution of R, forcing z € U‘(Ro) as (z) =
Q,(Z(R)), a contradiction. Hence n =1 and so |R|< 8. Since a € Z(R),
we have R = Dy, contrary to the fact that Q,(R) ={q, z) = E,. This com-
pletes the proof of the lemma.

As our final lemma, we have

LeEMMA 5.23. The following conditions hold:
(i) Cg(y) is abelian;
(i) mZ(S) =2.

ProoF. Choose P in S(Cg(y)) containing Cg(y). We argue first that
Z(R) N Z(P) = 1. Indeed, suppose false and let a € I(Z(R) N Z(P)). Since y
centralizes @, we have that ¢ € Z(S). Hence H = Cg(a) contains S as well
as P,so P8 CS forsome g in H. Since P& € S(C;(»?)), it follows therefore
that y¥ isextremal in S. On the other hand, the preceding lemma applies to any
involution of S — TR and consequently to derive a contradiction, it will suffice to
prove that y8 €S — TR.

Set J = L,(Cx(a)),so that J covers K/O(K) and by L-balance,J C L,. By
our choice of z and the fact that a € Z(S), we have |K/O(K)| = |L,/O(L,)|
and consequently J covers L,/O(L,). Hence if we set H = H/O(H ), we have
that J=L, = L(H) and we conclude at once that T=S§ N L, and that R
is a Sylow 2-subgroup of C}7 (fa). Furthermore, considering the action of y on

J, we have that Za ()= PGL(2,q). Since g€ H and L, < H, likewise
L,(y®)=PGL(2,q), whence y8 & faCﬁ(l—a). It follows at once that y8 €S — TR,

giving the desired contradiction.

Now we can establish the lemma. We have that Cg(y) =(t, y) x O, where
(t)=Cp(y) and Q= Cr(y). Hence if Cg(y) is nonabelian, then so is Q. But
Q' CZ(R). Since Q CP,likewise Q' C Z(P). Thus Q' CZ(R)NZ(P)= 1, whence
Q is abelian. We conclude that Cg(y) is abelian, proving (i).

By the structure of S, we have that Z(S) = () x Cz g, (¥) = {8 x (Z(S5) NR).
Since z €Z(S) N R, either (ii) holds or m(Z(S) NR) > 2. Consider the latter possi-
bility, whence m(Z(S)) = 3. If S$*isa Sylow 2-subgroup of G containing P, then
Z(S*) C Z(P), s0 m(Z(P))>3. But Z(S) "R C P and is noncyclic. Since
m(P) < 4, it follows that (Z(S) NR) N Z(P) # 1. Since Z(S) N R C Z(R), we
conclude that Z(R) N Z(P) # 1, contrary to what we have shown above. Thus
(ii) also holds.

We are at last in a position to complete the proof of Proposition 5.14. We
assume y is chosen in S — TR so that |Cg(y)| is maximal. We have y% =u
for some g in G with |Cg(u)|>|Cg(»)l as y isnot extremal in S. Clearly then
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g cannot be taken in N (S). As usual, we can now assume without loss that
gEN* = 02'(NG(D)) for some D in . By our choice of y we also have
that u € TR.

By (2.65), N* acts trivially on D/Z(D),so u = y& = yw for some w
in Z(D). Then w is an involution and as u € TR, it follows that w & TR.
Lemma 5.23 applies to any involution of § — 7R and, in particular, to w. Thus
Cs(w) is abelian and contains D. But Cg(D) C D and consequently D =
Cs(w) and D is abelian. Since y €D, we have TND = C(y) =(t).
Furthermore, as y centralizes no element of TR — ()R, it follows that TR N
D=(t)x DNR). If RCD,then y centralizes R andso §=7T(y) xR,
contrary to Lemma 5.17. Thus R € D and we conclude now that |7R :D|>
4, whence 1S:D|> 4.

Finally applying (2.71), we have that D = E,,. Thus D =y, t) x
(D NR) with U=D NR =E,. Furthermore, [S:D|=4 and by the above
decomposition of D, we see that |[R|= 8. Since y centralizes U, the assump-
tion R abelian would imply that U C Z(S), whence m(Z(S)) = 3, contrary to
Lemma 5.23. Thus R = Dg. Since y centralizes U, we conclude now that
R(y)=R x(y,) for some involution y,. Hence S =T(y,) x R, contrary
to Lemma 5.17. This completes the proof of Proposition 5.14.

6. The odd A-hull. Our goal in the next two sections will be to prove that
L,(G) is either empty or consists of an evenly embedded L ,(5).
To this end, we define for any subgroup Q of G

Vo =(Ajlx €@Q).

We call Vg the odd Q-hull.
We shall here prove

PROPOSITION 6.1. Forany A in M(G), the odd A-hull V: is a proper
subgroup of G.

Fix any A in M(G). By Proposition 5.14, we have m(4) > 5. First of
al,if A,=1 forall x in A¥ then by (2.50(ii)) A: = 0(C;(x)) for each
x in A¥ and by (240) G is 1-balanced with respect to A. We can therefore
apply (2.56) to conclude that

V;=(0(Cs(x)) |x € 4%)

has odd order. Since |G| is even, clearly V: C G in this case.
We can therefore assume A # 1 for some x in A¥*. We shall treat two
possibilities by separate arguments:
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Core case. A, is not semisimple for some x in A#*,
Semisimple case. A, is semisimple for all x in A¥.
We first consider the core case. We set

W, =(Ag(T)IT € E;(4)).
By (2.39), G is 3-balanced with respect to A and consequently (2.56) yields
LEMMA 6.2. W, is of odd order.

Our goal now will be to prove that W, is nontrivial. Once this is accomplished
we shall argue that ¥y CNg(W,) except in certain cases when m(4) = 5.

First of all, we choose x in A¥ so that A, is not semisimple (as we may)
and set H=C,(x) and H = H/O(H). By (2.10), we have [K, O(H)] # 1 for
some component K of A,. Since K # SL(2,q),q odd,K €A, and so if
we set 4, =C, (K), (2.37) implies that m(A4/Ay) = 2 or 3. Moreover, in the
latter case, it follows from (2.26) that there exists ¢ in 4 — A, such that
A(C_(a)) # 1. For uniformity of notation, set B =A4, if m(4,) > 4, while
if nlz((Ao) < 3,set B=A, or B=A4,{a) according as m(4/4,) =2 or 3.
Furthermore, set J = A(Cg(B)). Then J maps onto K or onto A(Cz'c @)
according as B=A4, or B =A4,(a). In particular, O() C O(H).

Since K is perfect and K is simple, Cx.(O(H)) C O(K) and so as K
does not centralize O(H), neither does J. Since O() C O(H), we can apply
(2.55) to conclude that for some subgroup E of index at most 2 in B, J does
not centralize

D= [Co(H)(E),J]-
We choose E as large as possible so that D # 1. By (2.11) we have

[D,J] =D.
We fix all this notation. The key step in the argument is the following

LemMMA 63. We have D C Ag(E).

PrROOF. Indeed, let ¢ € E¥. We must show that D CO(Csz(0). tis
immediate from the action of B and E on K that JC A(Ci(¢)) and EC
A € M(G). A-balance together with (2.43(iii)) implies that A(Cy(#)) and hence
J lie in a unique component L of A,. Since D centralizes ¢ and [D, J]
=D andsince L < A,, it follows that D C L. Set L = L/O(L), so that
Le A,. Since A leaves L invariant and x centralizes J, Cz(x) is non-
solvable and consequently L(Cz(x)) #1 and O(C_(x)) =1 by (2.28). On the

— L —
other hand, as D C O(C;(x)) and DCL, DC O(CZ(x)), so D= 1. Thus
D C O(L) C O(Cg(2)), as required.
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As a corollary, we have

LEMMA 64. Either W, #1 or m(4) =S, m(E) =2, m(B) = 3, and
E = Cy(D).

ProoF. If m(E)> 3, we choose T in E;(E). Thenas Agz(T)D
AG(E), we have D C A, (T) by the preceding lemma and as D # 1, it follows
that A (T)# 1. Hence W, # 1 in this case. On the other hand, if m(£) <
3, we conclude at once from the definitions of B and E and the fact that
m(d)>5 that m(A) =5, m(E) =2, mB) = 3,and E = Cz(D).

It thus remains to prove that W, # 1 in this exceptional case. Since J
centralizes B and JNB=1,m(J)=2 (as m(A)=m(G)=75). Let U bea
four subgroup of J containing A NJ and set A* = U x B. Then mA*) =5
and so A* € M(G). Furthermore, m(A N A*)>4 as A NJ+ 1. Hence if we
define W 0 by analogy with W,, we have that W, =W 0 by (2.57). Thus
it will suffice to prove that W i+ F L Since UC A™, we can therefore suppose
without loss to begin with that U C 4.

Since J does not centralize D, neither does U. Choose u in U¥. Since
N,(U) acts transitively on U¥, it follows that

= [Cp), U] # 1.
Note that F is A-invariant and F = [F, U]. Also as N;(U) centralizes B,
Lemma 6.4 implies that E = Cg(F). We set T =E(u). Since D centralizes
E, F centralizes T.
We first prove

LEMMA 65. If t € T*, then either F C O(Cg(9) or t=u and
|F/F N O(Ce))l =3

PROOF. Set N =Cg(f) and N = N/O(N). We can suppose that F ¢
O(V) so that F# 1. By Lemma 6.3, we have that ¢ ¢ E. Since m(G) =5,
L(N) consists of at most two components and so F leaves each component of
L(N) invariant. Since |[F, Cy()]| is odd,F centralizes Co,w)(x) and
so F centralizes 0,(N') by Thompson’s 4 x Blemma. Hence by (2.8), F
does not centralize some component X of L(V). Since X and F are both
A-invariant, Y = XFA is a group. Setting Y = Y/Cy()? ), we have that F# 1,
and that Y is 1somorphxc toa subgroup of Aut(X ). Since Xe A, Y/X is
abelian by (2.17). But F= [F U] S0 FCX

By Lemma 6.3, F C 0(Cg(y)) forall y in E¥* andso FC O(Cgp(¥)).
Since X = XF/O(XF ), it follows that F c O(C (%)). Hence L(C ( y)) =1

~

for each y in E* by (2.28). In particular, CE(X )=1 and so E isa four
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group. Moreover, by (2 29(ii)) it also follows that X =L,(q), q odd or 4,. How-
ever, in the first case, C, (E) is a 2-groupby (2.29(v)). Since F C X centrahzes E,

we conclude that X = A.,, that E is a four subgroup of X and that IF | = 3
Furthermore, as U NE=1 and U centralizes E, but does not centralize F,
we have that XU = S,.

Now set Fy = C (X ), so that FJF, ~Fx Z,. We shall argue that F =

1. Indeed, choose v m U-(u),sothat [F,U] =[F,v]=F and X(v)=
S,. If v centralizes Fo’ then the subset of F inverted by v has order 3,
whence F=F, x [F, v], forcing Fy = 1. Hence we can assume that v does
not centralize F,. Setting F, = [F,, v], it follows as with F that F, does
not centralize some component X ; of L(N). Clearly X +X - Now the same
reasoning as with X yields that X, = A, and X, (v)=S,. However, it is
immediate in this case that (v, 7) centralizes an elementary subgroup of XX, 1
of order 16 disjoint from (v, T), whence m(G) = 6, which is not the case.
This contradiction proves that F_0 =1 and so we conclude that F/F N O(C;(t))
has order 3.

It therefore remains only to prove that ¢ = u. Consider Y once again.
We have that E centralizes F = Z, and EF Cf' Since E = Cy(F) and
m(B) =3, 1t follows therefore from (2.30) that for some b in B — E, we have
E c A(C (b ) = A.. Henceif X denotes the component of N which maps

on X, we obtain that X, = A(Cy(b)) maps on A(C (b )) and that U, =4 N
X, maps on E. Note also that as C.. (b)==S 2‘PGL(Z 5), Cx(b) contains

an involution v such that X (v) = PGL 2,5).

Now set H = Cg(b) and H = H/O(H). We have that (4, v, X,,J)CH.
We argue next that X, and J lie in distinct components of L(H). In any
event, by L-balance, we have (X,,J) C L(H). In addition, m(G) = m(H) = 5.
Since J centralizes B = Eg, we easily conclude from this that the normal clo-
sure L, of J in L(H) consists of a single component (otherwise m(H) > 6).
Likewise L(H) possesses at most 2 components (using the fact that no compo-
nent of L(H) is isomorphic to SL(2,q),q odd). Since ¢ normalizes J, 7
must leave L ; invariant and so 7 leaves each component of L(H) invariant.
We conclude therefore from (2.43) that also ;\70 lies in a unique component I-.z
of L(H).

We must show that L L F Zz, so assume the contrary. Since X, {v)/0(X,)
= PGL(2,5), L, cannot be of Ree type or isomorphic to J,. Since X, =
L(C (1)), the only possibility is that Ll = L,(5), L,(25), or A,. But

then m( Ll) = 2, whence m(UOU) 2 and consequently U= U,. But now
returning to Y it follows that U = U =E centralizes F. However, this is
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a contradiction as u is the only involution of U which centralizes F. This establish-
es our assertion.

Finally as UCJCL, and L, centralizes L, DX, we have that &
centralizes X, and so u centrahzes X,/0(X,). But t=uy for some y in
E as te€T-E. Consxdenng b% again, our ¢ conditions imply that u s well as
t centralizes Xo Thus also » centralizes X o and so Xo C L(C 62 )) How-

ever, we have shown above that L(C ON=1for y in E E*. Hence y=1.

Since E =E this forces y =1 and we conclude that ¢ = u, as required.
As a corollary, we have

LEMMA 66. Either W, #1 or |F|=3 and F & O(C;)).

PrOOF. Set Fy =F N O(C;(u)). By the preceding lemma, F C O(C,(2))
for t in T—<(u) andso Fy CO(Cyz(?)) forall ¢ in T# whence FyC
As(T). Thus W, #1 if Fy#1. Since F # 1, it follows, in the contrary
case, from the preceding lemma that |F|= 3. By definition of F, we also
then have F & O(Cg (1)) and the lemma follows.

It thus remains to treat the latter case. We need some information about
Cs). Recall the groups X and Y of Lemma 6.5.

LEMMA 6.7. The following conditions hold:

() X isa component of L, and X = X/O(X)=A,;

(i) An involution v € U —(u) induces an outer automorphism on X,
(iii) E(v) acts faithfully on X,

(iv) X=L,.

PrROOF. The first three assertions are contained in the proof of Lemma 6.5.
Suppose L, has another component, K. If Z(K/O(K)) # 1, then by Proposition
4.1, K/O(K) is a covering group of L3(4) whence by (2.16), m(C;()) = m(K))
+ m(X) > 7 contradicting m(4) =5. Thus Z(K/O(K)) =1 and m(K)=> 2.
Considering the action of v on X,wesee UNX=UNK =1 and m(C;(u))
2 m(U) +m(K) + m(X) > 6 > m(H). Thus we must have L, = X.

LEMMA 638. Either W, # 1,0r Cp(U)=Cp()).

PROOF. Assume W, =1. By Lemma 6.4, E C B, and so by our choice
of E, [Ch(B),J] =1. Thus Cp(B) C Cp(), and it suffices to show Cp,(U) C
Cp(B). If welet F *= [Ch(U), B], then by our initial assumption we need
only show F™* C A,. If this inclusion fails, then just as in the proof of Lemma
6.5, F* acts nontrivially on X* = X*/O(X*) for some component X * of
Co(t*) with t* €T~ E. Likewise F* = [F* B] implies X* is of type
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A, and for some b* €B - E, Xo* = A(CX.:(b*)) is of type A5 and E acts
as inner automorphisms on X, 0*. We will derive a contradiction.

First we claim ¢ * #u. If t*= u, then by Lemma 6.7, X =X* and E* =
E{v) acts faithfully on X* = X*/O(X™). It is easy to see that the image of
E* is a self-centralizing subgroup of Aut(X *) contradicting the fact that F*
and E* commute. Thus #* #u,and as t* €T — E, Lemma 6.7 implies that ¢*
acts as an inner automorphism on X and that L, 2»(Ce@*)NL,)=1.

We shall obtain a contradiction by showing L, (CG(u) NL .)# 1 whence
L, (Cs(ts) NL,)#1by L-balance. Let H* = CG(b ). Just as in the proof of
Lemma 6.5, J lies in a component L’l" of H* and X* lies in a component
Ly of H*. If LY=L}, thenas E acts faithfully on X’: , E acts faithfully on
LY. By 243) X, = Lz'(CL: t*)) whence by (2.26) L} is of type A, A,.

Jy,or Ly(25). In any case (2.26) implies CL +(E) is solvable. But by definition
1
of E,JCCzE)N L:‘, whence CLI(E) is not solvable. Thus Lf #+ L: and

UCJCLYimplies U centralizes Xo/O(Xg). Thus Cgu) N Co(t*)

covers Xo*/O(Xo*) whence Cg(u) N Cg(t*) covers the image }—(: , of X: in

X*. As X is A-invariant by (2.37), (2.26) implies Xy C L(C__ ()), and we
X

see that L, (Co(w) N L,+) # 1.

LEMMA 69. We have W, # 1.

PrOOF. By the preceding analysis, it remains to treat the case in which
[Cp@), U] has order 3 and Cp(U) = Cp(J). We shall argue that this case can-
not arise and this will establish the lemma.

As D = [D,J], we can find a factor group, D, of D such that D is an
irreducible nontrivial J-module. As D = <CB( Ny eu*, [CT)( » U] #1

for some y € U# else [D, U] = 1. Since |[Cp(u), U]l =3 and the involu-
tions of U are conjugate in J, we conclude | [CB( »),Ull=3 forall y €

U#. By Lemma 6.8, C,(U) C Cp(J) € C_(J) =1, whence CB(U) =1. We con-
D

clude therefore from the well-known Brauer-Wielandt formula for the action of a
four group on a group of odd order that |D| = 33. Thus J=J/C,(D) is isomorphic
to a nonsolvable perfect subgroup of GL(3, 3). However, as L;(3) (=SL(3,3))isa
minimal simple group, the only possibility is that J = L,(3). But this is a con-
tradiction as L3(3) has quasi-dihedral Sylow 2-subgroups of order 16 and class 3.
Since W, is a nontrivial subgroup of G of odd order, No(W,) isa

proper subgroup of G. Hence to complete the proof of Proposition 6.1 in the
core case, it would suffice to prove that V: C Ng(W,). Unfortunately the argu-
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ment to establish this again breaks down in certain situations when m(4) =5. To
take these exceptions into account, we carry out the proof in two stages.

First of all, for x in A%, we define A* as follows: If m(d)> S5, set
A* = A* while if m(4) = 5, write A AxDx , where D, is A -invariant of
odd order and contains 0(Cg(x)) (whlch we can do by (2.50)) and set A
AxDx, where A denotes the product of those components K of A, such
that either (a) K is not of type L,(5) or J;,(b)K isof type L,(5) and A N
K & MKX), or (c) K is of type L,(5),A N K € M(K), and there exists an involu-
tion u in Cg(x) which normalizes K and A such that m(C,(u)) =4 and
K{u)/O(K) = PGL(2, 5).

Note that D, leaves each | component of A, invariant. Moreover, if L
is a component of A, not in A then L isof type L,(5) or J, and 4 N
L€ MEL). Since L2(5) and J, have no nontrivial outer automorphisms of
odd order and have trivial 2-signa1izers, it is immediate that D, centralizes
L/O(L) Hence L normalizes D,. Since L also normalizes A A: /Ax
O(A* /A ), and we conclude that A is normal in Ax, a key fact which we
shall need for our final argument.

Finally if B is any subgroup of A, we set

Vi =(V}IbeB*.

In particular, if m(4) > 5, ’173 =V, and '17: =V,
We first prove

LEMMA 6.10. We have V) C Ng(W,).

PROOF. Set N =Ng(W,). By (257), W, = Wy for B in E,(4).
Since N (B) normalizes Wy, it follows that Ng(B) CN for all B in E,(A).
This conclusion will be critical for the proof.

For x in A*, we must show that A* C N. We write A = AxDx, as

above. Since m(4) >S5 and D, is A-invariant, we have D, = (CDx(B)lBe
E,(4)) andso D, CN. Since O(A ) C O(Cg;(x)) C D, it will therefore

suffice to prove that N covers A /O(A ).

Set H= CG(x) H = H/OH), and let K be a component of A(H) We
set A, =C A(K ). If m(A4,) > 4, then an element of E,(4) centralizes K, so
clearly N covers K. Therefore we can suppose that m(4o) < 3. By (2.23),
m(A/Ay) =2 or 3. Since m(A4) >S5, we have, in fact, m(4,) =2 or 3. We let
R be an A-invariant Sylow 2-subgroup of K.

Consider first the case that m(4,) = 3. Since A € M(G) and R is
A-invariant, Z(R) contains an element z of A¥. Setting B= Ay(z), we have
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then that m(B) = 4. But now if y € I(R),y centralizes B and m(4,(y)) =4,
so W, o= Wg =W, by (2.57). In particular, it follows that C;(A4,(y) C

N. However, C_(A,({¥)») =C_(y) andso N covers C_(y) forevery u in
K K K

I(R). We conclude therefore from (2.35) that either N covers K or else K =
L,(5).
Consider the latter case. Then m(A4) = 5. The same reasoning shows that
N covers N_(R). If A 0K ¢ M), then for some a in A% K(a) =
K

PGL(2, 5). Since m(A,<a)) = 4, it follows as before that N covers C (a).
But K = (N ®R), C (@)) by (2.35) and again we conclude that N covers K

Suppose ﬁnally that A N K € M(K). By assumption, K is a component of A
and as m(4) = 5, H must contain an involution u such that m(C,(u)) = 4
and K(@)=PGL(2,5). Since K{(u) has dihedral Sylow 2-subgroups of order
8,u does not centralize 4 N K, so u must centralize A4,. Again it follows
that N covers CI_((tT) and we conclude from (2.35) as in the preceding case that

N covers K. Thus N covers K in all cases when m(4,) = 3.

Suppose then that m(4,) = 2, whence m(4) =5 and m(4/4,) =3. By
(2.23), m(A N R) = m(R) = m(K). By assumption,K % J,. If K is of Ree
type, K = (O(Cx(U)IU € E,(4 NR)) by (2.35). Since each m(4,U) = 4, we
conclude at once that N covers K. Likewise if K = L,(q%),q odd,q >3,
then (2.35) implies that K = (O(CE @)la € (4 NR)*). But each O(Cl? @) is

A-invariant and so is generated by its intersections with Cy(B) for B € E,(4).

Again N covers K. Furthermore, if K = A,, (2.35) implies that K =

(N_(U)IUE E,(R)). Butas RA/A, =Dy x Z, in this case, we see that R
K

centralizes a four subgroup of A/A, and consequently 4, = C,(R) = E .
Since A, U centralizes A,, we have, as usual, WAOU =W, = W, and so each

N_(U)=N_(4,U) is covered by N. Again we conclude that N covers K
K K

However, as m(4/A,) = 3, it follows from (2.18) that these are the only possi-
bilities for K Thus N covers K m all cases. Since K was an arbitrary com-
ponent of A N therefore covers A /O(Ax) and the lemma is proved.

By the lemma, VA is a proper subgroup of G and hence so is Ng(V ;). Thus
the following lemma will complete the proof of Proposition 6.1 in the core case.

LEMMA 6.11. We have VI C N (V3).

PrROOF. If m(4)> 5, then ;‘: =V}, so the lemma is obvious. Hence we
can assume that m(4) = S. -

The proof will depend upon what we may call A*-balance and A * gener-
ation: Namely, if x, y € A* and B€ E;(A4), then we have



SYLOW 2-SUBGROUPS OF CLASS TWO. 1 59
A*AINCo(») CAY and AX=(A*(AX N C(b)) b € BH).

The equality is a direct consequence of (2.54) and the definition of K: .
Likewise the inclusion is easily reduced using (2.50(iii)) and (2.51) (cf. the proof
of (2.53)) to the following assertion:

AA, N Ce(») CA,,

which we proceed to establish.

Let K be a component of Xx . Then y leaves K invariant. Set J =
A(Cx(»)). We know from A-balance that either J =1 or J lies in a unique
component L of A, . To establish our assertion, we need only show when J #
1 that L C A Suppose false for some K,J and L,in whlch case L isof
type J, or L2(S) Consider the first possibility. Since K C Ax, K is not of
type J, and hence neither is J,so J isof type L,(5) (as J = L,(Cp(x)))-
Hence K is of type L,(5), L,(25), or A,. However, in the last two cases y
centralizes an involution u of K such that J{u)/O(J) = PGL(2, 5). But then
u actson L and induces an outer automorphism of L/O(L) of order 2, con-
trary to the fact that J, possesses no such automorphism. Hence K is of type
L,(5), whence J covers K/O(K). By (2.37),A N L € M(L) and this implies
that 4 NJ € M(J), whence 4 N K € M(K'). However,as K C Xx and m(A4)
=5, it follows that Cg(x) contains an involution # such that m(C,(w)) = 4
and K(u)YO(K) = PGL(2,5). But if we set A, = C,(K/O(K)), our conditions
force y toliein A, and u to centralize A,. Again u actson L and we
reach the same contradiction.

Therefore L is of type L,(5), whence J covers L/O(L),J is of type
L,(5), and K is of type A,, L,(25), or L,(5). IIL the first two cases, with A4,
as above, we have that B=A(y)=Eg. As L& A,, A N L € M(L), whence
A NJ € M(J) and by (2.26), K contains an involution # which centralizes B,
normalizes 4 N J, and is such that J{u)/O(K) = PGL(2, 5). We see then that
m(C,(u)) =4 and that u actson L with L{u)O(L) = PGL(2,5). Since
A NL € M(L), we conclude that L C Xy , contrary to our assumption. Thus K
is of type L,(5), whence J covers K/O(K). But thenif 4 N K & M(K), it fol-
lows that also 4 N L $~M(L), and again L C Xy , a contradiction. Hence 4 N
K € M(K). Since K C A,, Cg(x) contains an involution # with the usual
properties. Again it follows that u centralizes y, so that u actson L and
L{u)O(L) = PGL(2, 5). Since m(C,(u)) =4 and A N L € M(L), we reach the
same contradiction in this case as well. Thus the desired relations are established.

For any Xx m A¥ and any B m E;(4), it is immediate from these re-
lations that A* c V Hence VA C VB and as the reverse inclusion is obvious,
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we therefore conclude that
Vg =V; forany BE E;(A).

Now we can qu1ck1y establish the lemma. Let x €A*. We must show
that A} normalizes VA We have that A* c VA Hence by the definition of
A*, it wx]l sufﬁce to prove that any component K of A, of type L,(5) or
J, normalizes VA In the first case, set B = C,(K/OKK )), so that m(B) = 3.
Then J = L(Cx(B)) covers K/O(K). In the second case, set 4, = C,(K/O(K)),
so that m(4,) = 2. By (2.35), we have that (L(Cx(B))|B € E;(4),B D Ao)
covers K/O(K) with each J = L(Ci(B)) of type L,(5). Since OKK)C v,
it follows therefore in either case that we need only show for each such B and
corresponding J that J normalizes V:

But for b in B¥, A-balance implies that JCA,C A* We have shown
earlier that A* < A:, so J normalizes each A Hence J normahzes V
However, V; VA and so J normalizes VA , as required. This completes the
proof of the lemma and with it the proof of Proposition 6.1 in the core case.

We turn now to the semisimple case, which is considerably easier than the
core case. We begin, however, with a preliminary definition.

Let K be a component of A, for a in A¥*. Then K is quasisimple
and K/OKK)€ A,. (Actually we have O(K) =1 unless K is of type A4, as
the other elements of A, possess no nontrivial perfect central extensions of
odd order.) In any event, it follows that C,(K) = C,(K/O(K)) as O(K)C
Z(K). Now forany y in C,(K )# we know by A-balance that K lies in a
unique component L of A,. If K =L for each such y, we shall say that K
is a nonembedded component of A,. In particular, if we choose 2 and K so
that K/O(K) is an element of L,(G;A) of maximal order, then certainly K
will be nonembedded. Moreover, it is easy to see that for any a in A¥ and
any component K of A,, K is contained in some nonembedded component.

Among all nonembedded components we now choose @ and K so that
m(C,(K)) is maximal. Since a centralizes K and G is simple, both K and
Ng(K) are proper subgroups of G. Hence the following result will establish
Proposition 6.1 in the present case:

LEMMA 6.12. We have V3 C Ng(K).

PrROOF. Set N =Ng(K) and B=C,(K). Asusual, m(B)=>2 and
m(A/B) =2 or 3. Since K is nonembedded, it follows that for b in B¥* K
is a component of A,.

Let D be any A-invariant subgroup of G of odd order. We argue that
D CN. Since D =(Cp(b)|b € B¥), it suffices to treat the case in which D
centralizes some b in B¥. Then D C C;(b) and so D induces a permutation
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of the components of A,, one of which is K. We know that K contains an
element x of A# and that |Z(K)| is odd. Hence either D normalizes K
or [d, x] =x% is of even order for some d in D¥. However, |[D, 4]| is
odd as D is A-invariant. Thus D C N, as asserted.

To prove the lemma, we must show that A: CN for x in A¥. We
have that A: = A, D, ,where D_ is A-invariant of odd order by (2.50). Hence
by the preceding paragraph, we need only show that A, C N. Consider first
the case that m(B) > 3. If J is a component of A, then B actson J and
o

O] J = {A(C,(b))O(C; (b)) |b € B¥)

by (2.34) and (2.27(i)). But each O(C;(b)), being A-invariant of odd order, lies
in N. Moreover, by A-balance, A(C;(b)) C A,. However, A, CN as K isa
component of A,,so each A(C;()) CN. Thus JCN and we conclude that
AL CN.

Suppose then that m(B) = 2, whence m(4) = 5. Thus again the rank 5
case is exceptional. Clearly if N contains every nonembedded component, it
will contain A, for each x in A#. Hence for x in A%, we need only prove
that any nonembedded component J of A liesin N. Suppose J = L,(q),

q odd,q >9,J,,or is of Ree type. Then by (2.35), we again obtain (%) and it
follows as in the preceding case that J C N. On the other hand, if J = L,(5)
or L,(7),then m(C,(J)) =3 and our choice of K would be contradicted.
Hence these two cases cannot arise. There thus remains only the single possibility
that J/O(J) = A,, and that m(C,(J)) = 2. Since J satisfies the same con-
ditions as K, we could have begun with J instead of K, if we had wished, and
so without loss we can also assume that K/O(K) = A4,.

We set E=C,(J). Ifsome b in B¥ liesin E, then J liesin A,
and so J normalizes K. Hence we can also assume that B N E = 1. Hence if
we set JA = JA/O(J)E, we have that JA = S,. It follows therefore from (2.22)
that Nj(;f ) is generated by its involutions. Let then u be an arbitrary involu-

tion of N;(4). Since u centralizes E and a Sylow 2-subgroup of JA is iso-
morphic to Dg x E,, it follows that |4 :C,(u)l <2. Since m(B) =2, this
implies that Cg(u) # 1. Choosing b in CB(u)#, we have then that K isa
component of L, and u € Cg(b). Since K has nonabelian Sylow 2-subgroups,
u must normalize K by (2.13), whence u € N. Thus (ulu € TI(V,(4))) C

N. Since NJ_(Z ) is generated by its involutions, we conclude that N covers

N, A)oW)oy) = NJ_(Z ).

Now choose v to be an involution of N;(4) such that (4 NJ)(v) =
Dg, which is possible as 4 NJ = E, and a Sylow 2-subgroup of J is isomor-
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phicto Dg. Then |4:C,()|=2 as v does not centralize 4 NJ and con-
sequently 4*=C " ){v) = E4,, whence A* € M(G). As above, v centralizes
some element b of B¥ so b €A*. Thus K € L(G; A*). Furthermore, as
K/O(K) = A,, K is certainly a nonembedded element of L(G;A*). Hence all
the above considerations hold equally well for A4* in place of A. Since v €
C;(x), clearly x €A* and we conclude therefore by the same reasoning that N
covers N;(4*)OW)/0() = NJ_(Z ).

On the other hand,as BNE =1 and m(B) = 2, some b, in B* in-
duces a nontrivial inner automorphism of J. We have already seen that every 2-
element of C;(b,) leaves K invariant by (2.13). But Lbo has at most two

components isomorphic to K as m(G) = 5, so every element of odd order in
Cg(by) also leaves K invariant. Thus K < C;(b,) and consequently N
also covers C_(b,). However, by (2.35(ix)), we have

J

J=(N_(4),N_(4%), C_(b,))-
J J J

Our argument therefore yields that N covers J. Since O() CZ(J) and J is
perfect, this forces N to contain J and the lemma is proved.
This finally completes the proof of Proposition 6.1.

7. The normalizer of the odd A-hull. With the aid of Proposition 6.1, we
shall prove in this section

PrOPOSITION 7.1. Either L,(G) is empty or consists of an evenly embed-
ded L,(5).

We proceed by contradiction in a long sequence of lemmas. We preserve the
notation Vé for the odd Q-hull defined in the preceding section. We fix A4 in
M(G) and let S be a Sylow 2-subgroup of G containing 4. Then 4 < S
and by Proposition 5.14, we have m(S) = m(4) 2 5. Moreover, by Proposition
6.1, we know that the odd A4-hull V: is a proper subgroup of G. We set

M=Ng(V,}).

Our goal will be to prove that M is strongly embedded in G. Bender’s theorem
will then yield an immediate contradiction. Note that V: is clearly invariant
under Nj(A4). Since 4 < S, it follows that § C M.

Our first lemma will imply that M is a proper subgroup of G.

LEMMA 7.2. For some a in A*, we have A, # 1.

PROOF. Suppose false. Since Proposition 7.1 is assumed false, A, # 1 for
some x in I(S). Setting B = C,(x), we have that m(B)=>3 as A< S and
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m(d)=>S5. Now B actson A, and so by (2.49), we have K, = A(C, (b)) #
X

1 for some b in B¥.

Since B C A, we have A, =1 by assumption. Hence no component of
K, liesin A,. In particular, G is not A-balanced. It follows therefore from
Lemma 5.1 that, in fact, m(4) > 7, whence m(B) = 4. But now (2.49) yields
that either all components of A, are of type L,(5) or else for some b in
B*, K p has a component which is not of type L,(5). However, in the latter
case, it would follow from (2.46) that A, # 1. We thus conclude that each
component of A is, in fact, of type L,(5).

This analysis applies to each x in I(S) and so our argument yields that
A (G) consists only of L,(5). Again as Proposition 7.1 is assumed false, L,(5)
is not evenly embedded in G and it follows from the definition that for some x
in I(S), H = C4(x) is not 1-balanced as a C,-group. Furthermore, replacing x
by a conjugate in S, we can also suppose that P = Cg(x) is a Sylow 2-subgroup
of H.

Set H= H/O(H). Since H is not 1-balanced as a C,-group, A, hasa
component F such that N_ (F)/CFI(F )= PGL(2,5). Hence T=PNF isa

four group and there exists 5 €P — T with y normalizing, but not centralizing
T. To complete the proof of the lemma, we shall now contradict this conclusion.
Since P C S, it will obviously suffice to prove that T C Z(S).

By (2.13), F is invariant under a maximal subgroup B, of B. Since
m(Aut(L,(5))) =2 and m(B,) > 3, we have CBo(f) # L and consequently
Fo=ACp(®)#1 forsome b in Bi. Moreover, T C F,. Since A, =1,
(2.42) and (2.46) now yield that F, CJ for some componentJ of L, of type
L,(16) on which x acts irregularly. On the other hand, 4 C N = C;(b) and as
A € M(G) and J has an elementary abelian Sylow 2-subgroup, we conclude from
(2.37) that Ay =A NJEM(J). Then x normalizes 4, and [4y x] CS'C
Z(S). Hence we need only show that T C [4,, x].

Finally setting N = N/O(WV), we have that C_(¥) = L,(5) and has
J
[/To, x] asa Sylow 2-subgroup. But TCFyCJ andso TCSNJ=4,.

Since Fy C CJ_()? ), it follows that T C [4,, X]. Whence TC [4,,x] and the
lemma is proved.

As a corollary we have

LEMMA 73. M is a proper subgroup of G.

ProoF. By the preceding lemma and Proposition 6.1, V: is a nontrivial
proper subgroup of G. Since G is simple, this forces M C G.
The first major step in showing that M is strongly embedded in G is to
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prove that T'g 3(G) C M. Before attacking this problem, we need a preliminary
result.

LemMma 74. If for some x in 1(S),L, has a component of type L,(16)
on which an involution of Cg(x) acts irregularly, then some involution of
Z(S) has the same property.

PrROOF. Without loss we can assume that P = Cg(x) is a Sylow 2-sub-
group of H = Cg(x). Choose x so that |P| is maximal and suppose by way
of contradiction that P C S. Let K be a component of H of type L,(16)on
which an involution y of P actsirregularly. Set T=PNK,so that TE
S(K). Since 1# [T, y] CS' CZ(S),P leaves [T, y] invariant and therefore
P leaves K invariant. Hence if we set R = Cp(K/O(K)), we have that R ] P.
In addition, (2.19) implies that |P: TR| = 2, so that P = TR(y).

Let z be an involution of R N Z(P). We shall argue that L, satisfies the
same conditions as L,. We set N = CG(z),JV = N/OWV), and K, = L, (Cx(2)),
so that K, covers K/O(K) and K, is P-invariant. Then P C N and by (2.43)
the normal closure J of K, in L, either consists of a single component or of
two components J, and J, interchanged by x. Moreover, it follows in either
case from (2.43) that 1?0 = L(Cf(Sc')), so that in the latter case J, and J, are

each of type L,(16), while in the former case, J is either of type L,(16) or
L,(2%) by (2.26). Furthermore, as P leaves K, invariant and P C N, P
leaves J invariant in either case.
If J has two components, then y or yx leaves both J, and J, in-
variant. Correspondingly set y, =y or yx. Then CE (y,)=L,(5) and as
0

K, = L(Cf(i’)), it follows that Cj_(?l) = L,(5),i = 1, 2. Thus the involution

¥, acts irregularly on J, andso L, has the required property in this case.
Suppose, on the other hand, that J consists of a single component. If J
is of type L,(16), then J=K, so y actsirregularly on J and again we are
done. Assume finally that J is of type L2(28), in which case x induces a
field automorphism of J of order 2. By (2.19) we have _Nl\_f ) =<(x)J¢ Cﬁ(f).

Since P leaves J invariant, it follows that ¥, =¥ or yx induces an inner
automorphism on J. But as Cf( Y2 CI_( (¥,) = L,(5), this is clearly pos-
0

sible only if y, centralizes J. But then 3, and hence also , centralizes K,
which is not the case. Thus this case cannot occur and so our assertion is proved.
Since P C N = Cg(z), we conclude now from our maximal choice of P
that P is a Sylow 2-subgroup of N. Since P C S, it follows, in particular, that
z¢ Z(S). Thus RN Z(S)=1. Since B!(R) and [R, y] lie in Z(S), we
obtain that R is elementary abelian and y centralizes R. Since P = RT(y)
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and RT =R x T, we conclude that R C Z(P). Maximality of P now yields
that every involution of R is extremal in § and has P as a Sylow 2-subgroup
of its centralizer.

This in turn implies that RN RY =1 for w in S — P. Indeed, if not,
there exists # in R¥ such that u” €R. But then [u,w] ERNS' CRN
Z(S)=1,s0 w centralizes u, contrary to the fact that P € S(Cg;(u)).

Setting T, = [T, y], we have that Ty =E, and that T, =T N Z(P).
Thus Z(P) =T, xR. But P<S as Z(S)CP andsoif w€ES — P, then
RY CZ({P)=T,R. Since R NRY =1, we conclude now that R =FE, or E,.
Since T, C Z(S) C Z(P), it also follows that T, = Z(S). But now we can de-
rive a contradiction exactly as in the corresponding portion of Lemma 5.1, by
showing, on the one hand, that |S:P|<4; while, on the other, that
|S:P| > 16.

In proving that T'g 3(G) C M, we shall divide the analysis into two cases:

Regular case. For each a in A%, no involution of C;(@) acts irregularly
on a component of L,.

Irregular case. For some a in A%, an involution of Cg(a) acts irregularly
on a component of L,.

We first consider the regular case. Since Z(S) C A, the preceding lemma
yields that for every x in I(S), no involution of Cg(x) acts irregularly on any
component of L. Combining this with (2.53), we obtain

LEMMA 75. G is A*-balanced in the regular case.

We can now establish the desired assertion with a straightforward applica-
tion of the signalizer functor method.

LEMMA 7.6. T 3(G) CM in the regular case.

PrROOF. We argue first that for all X, Y in E(S) with m(X) >3 and
m(Y) >3, we have V3= "Vy-

Indeed, as m(S) =S, S is 3-connected by (2.6) and consequently it will
suffice to prove the given equality when X and Y centralize each other. By
symmetry, we need only show that ¥y C Vy and hence that

ALCVy foreach x in X*.

But Y acts on A; as Y centralizes X. Since m(Y) = 3, it follows now by
A*-generation (2.54) that

AL =(ASNC() Iy EYH).

However, each term on the right lies in the corresponding A}, by A*-balance
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and so liesin V', giving the desired inclusion AL CVy.

Now consider Q C S with m(Q) > 3 and let B € E5(Q). Then for u
in Ng(Q), we have that B* C Q,s0 B and BY liein E;(S). Since also 4 €
M(S) with m(4) = 3, the equality we have just established yields

* __ *x *
Vg = VB w=Vy4-
However, it is immediate from the definition of Vg that
t ]
* Vou= )

Together these equalities imply that # normalizes V:. Thus u €M and so
Ng(Q) CM. Since Q was an arbitrary subgroup of S with m(Q) > 3, we
conclude now from the definition that T'g 3(G) C M.

We shall establish the desired assertion by showing now that the irregular
case, in fact, cannot occur. In Lemmas 7.7—7.15, we assume that we are in the
irregular case.

First of all, G is A*-balanced with respect to A by (2.53). Hence the
argument of the preceding lemma yields

LEMMA 7.7. If BC A with m(B)>3,then Vg =V, and Ng(B) C M.

We also have
LEMMA 78. We have m(Z(S)) = 3 and m(S)=> 1.

PROOF. By Lemma 7.4, there exists z in Z(S)* such that L, hasa
component K of type L,(16) on which an involution y of Cg(z) acts
irregularly. Since S C C;(z), we can take y toliein S. Then T=SNK =
E ¢ and T, = [T, y] C Z(S) with T, =E,. Since z & T,,(z)T, is thusa
subgroup of Z(S) of rank 3 and so m(Z(S)) = 3. Furthermore, the assertion
m(S) =7 follows from Lemma 5.1.

We set Z = Z(S) and next prove

LEMMA 79. We have V; = V3 = A*(M).

PrOOF. First, Lemmas 7.7 and 7.8 immediately give V7 = V. Since
m(Z) > 3, it follows from A*-generation that A*(M) is generated by its sub-
groups K} = A*(A*(M) N Cg(2)) for z in Z*. But S CM and so each
K is S-invariant. Hence by (2.50) applied to KS, we have that K = K,D,, where
K, = AK}) and D, is S-invariant of odd order. Since S C Cg(z), we conclude now
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from (2.48) that K, C A, and from (2.51(i)) that D C A}. Thus each K C
AYCV;=V, andso A*)C V.

For a in A¥, we have that A* CM If ae Z*#,(2.50) implies that
A = A,D,, where D, is A-invariant of odd order. Another application of
(2 48) yields that A, C A(M). Furthermore, it follows from (2. 50(1)) that D,
C A*(M). Hence each A* C A*(M) and so V; C A*(M). Thus V; = A*(M)
and the lemma is proved.

We also have

LEMMA 7.10. The following conditions hold:

@) If K is a component of L, of type L,(16) for a in A¥* then K
lies in a component of M of type L,(16);

(@) If J isa component of M of type L,(16), then for some z in Z¥,
L, contains a component of type L,(16) which covers J/O(J).

PrOOF. We have m(4) = 7,s0 O(K) is generated by its subgroups
CO(K )(B) with B in E;(4). Now Lemma 7.7 implies that O(K) C M. Fur-
thermore, by (2.37), A leaves K invariant, 4 N K € M(K), and A induces only
inner automorphisms of K/O(K). Hence if we set 4, = C, (K/O(K)), we have
that 4 =4, x (4 N K). Since m(A N K) = 4, it follows that m(4,) > 3.
But then Ng(4,) CM and as Cy(4,) covers K/OKK) and OKK) C M, we
conclude that K C M.

Thus K C L,(Cy(@)) andso K C L, (M) by (2.41). Setting L =
L,:(M), it follows that K is a component of L,/ (C;(a)). But by (2.37) and
the fact that 4 € M(M), a induces an inner automorphism of each component of
L of 2-rank at least 4 and now (2.26) yields that K =J for some component J
of L, where M =M/O(M). Hence K C O(M)J. But as J is the ultimate term
of the derived series of O(M)J and K is perfect, we conclude that K CJ.
Thus (i) holds.

Next let J be a component of M of type L,(16). To prove (ii), we need
only show that for some z in Z¥, C;(z) covers J/O(J). Indeed, if that is the
case, then J, = L,/(C,(z)) is a component of L,:(Cy(z)). However, as the
latter group is S-invariant and S C Cg;(2), it follows from (2.44) that J, is con-
tained in a component K of L,. As in the proof of (2.48) we conclude easily
from (2.19(iv)) and (2.25(ii)) that K must also be of type L,(16). But then K
covers J/O(J) as J, does and (ii) will hold.

If some element of S induces a field automorphism of J of order 2,
then m(Z NJ)=2 and as m(Z)> 3,some z in Z¥ must centralize J/O().
Suppose then that no involution of S acts irregularly on J. We shall prove that
there is a component J, of M of type L,(16) on which some involution of
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S acts irregularly. But then m(Z NJ,)=2 and J, #J,s0 any z in
(V4 OJO)# will centralize J/O(J).

Since we are in the irregular case, there isan @ in A* such that L, has
a component K of type L,(16) on which some involution x of Cg(a) acts
irregularly. By (2.37), B=A4 N K € M(K) and so we can choose x to normal-
ize B, whence x € N;(B) C M. On the other hand, by (i), K CJ, for some
component J, of M of type L,(16). It follows at once that x acts irregularly
on J,. Since S is a Sylow 2-subgroup of M, an involution of § has the same
property and the proof of (ii) is complete.

We now let F denote the product of all components of M of type
L,(16) and fix this notation.

LEMMA 7.11. For every x in 1(S), we have

AXC A*(M)A(CFx(x)) and  A(Cp () S O(M)AZ,
where F_ denotes a suitable product of components of F on which x acts
irregularly.
PROOF. Set B = C,(x), so that m(B) =>4 as m(4d) =m(S)>7. By

A*-generation, Az is generated by its subgroups

U, = A*(A5 N Cs(B)
for b in B¥. Moreover, by (2.46), we have

Uy C AGAC;, @),

where J, is a suitable product of components of L, of type L,(16) on each
of which x acts irregularly and A(CJb(x)) c A:.

Now each Aj C V; = A*(M). Hence if we set

J=(AC;, )b E B*),
we obtain that

AL C A*(M)J and JCAJ.

Now by the preceding lemma, each component of each J, lies in a unique
component of F. We let F, be the product of all such components. Setting
M = M/O(M), each T, is then a product of components of F, and F, is
generated by the J, p for b in B*. Thus X actsirregularly on each component
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of F, and it follows that

AC_ (x)) =(AC_ (x))|beB*)=1.
Fx "b

Hence if we set F, = A(CFx (x)), we have that J C O(M)F,, whence J C

Co ry*)F,. However, by definition of Fy, Fo <I Coqayy(x) Fy- Since the fac-
tor group modulo F,, had odd order and since J is perfect, we must have that
J C Fy. Thus A} C A*(M)J C A*(M)F,, which established the first inclusion.
But as F, =J, we also have Fy C O(M)J C O(M)AY, so the second inclusion
holds as well.

The preceding lemma enables us to prove

LeEmMmA 7.12. If B € E(S) with Z C B, then
A* (V)= Ao =V,

ProoF. For b in B¥, let F, » be the corresponding product of compo-
nents of F described in Lemma 7.11 and set

Fg = (A(Cp,®)1b € B¥).
Then the preceding lemma and the definition of V;’ yields that
Vs CA*(M)Fg and Fz COM)Vp.

Butas ZCB, VgD V, =V, =A*M). Since OM) C A*(M), it follows that
also Fp C ¥y and we conclude that

Vg = A*(M)Fp.

Since A*(M) and F are normalin M with F N A*(M)C OM) and
Fy CF, it follows immediately from the definition of A* that

A*(V3) = ASA* M) A*(Fg) = A* MDA Fp).
Hence to complete the proof, it will suffice to prove that
A*(Fg) = O(Fg) C OM).

Set Fp =(F,|b€B*), so that Fp isa product of components of F
each of type L,(16). By definition of A*, obviously A*(F ; )= O(F ; ). But
Fz CF ; and so to prove the desired assertion, we need only show that, in fact,
Fg covers F; /O(F; ), for then also A*(FB) = O(Fp).
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Let K be a component of F, forsome b in B¥,so that K is of type
L,(16) and b acts irregularly on K. Moreover, we have A(Cy (b)) C Fgz. On
the other hand, as usual, ZS) N K =Z N K # 1. Choose z in (Z N K)*.
Since ZCB, b, =2b € B*. It will suffice to show that K is necessarily a
component of F, b, Indeed, if this is the case, then also A(Cx(b,)) C Fg. But
by (2.36(iv))

(A(Cx (D)), A(Cx (b,))) covers K/O(K)

and so it will follow that Fg covers K/O(K). Since this argument will apply to
each such K and each b in B¥, we shall then conclude that Fg covers
F3 [O(Fg), as required.

By Lemma 7.10, for some z, in Z¥, L,, hasacomponent K, of type
L,(16) with K, CK. Then b, actsirregularly on K; and A(Cxl(b )
covers A(Cx(b,)) modulo its core. But now if A(CKl(bl)) CA by it will
follow from the preceding lemma that A(Ckl(bl)) lies in a component of F,
which must necessarily be K (as A(CKl(bl)) covers A(Cg(b,)) modulo its
core). But by (2.46), either this is indeed the case or else A(Cxl(b 1)) liesin a

component J of Lbl of type L,(16) on which z, acts irregularly. Thus it
remains only to exclude the latter possibility.

Set E = C,(b,),so that m(E)>4. Asusual, if P isa Sylow 2-subgroup
of H=Cg(b,) containing E, then P NJICZP)NT#1 and ) E leaves
J invariant. Set H = H/O(H) and N= N (J)/C (), so that N= J(z ).

Then C. (21) _<21) x C,,(zl) with C,., zl)=L2(5) and consequently
m(C (zl)) 3. But z, GZ CE and so m(E ) < 3. We therefore conclude
that C (J)%l Choose a in A¥ sothat 2€C_ (J),mthch case J; =

L, (C,(a)) covers J. In particular, z, also mduces a field automorphism of J,
of order 2.

Finally we argue as in Lemma 7.4. By (2.43), the normal closure L of
J, in Cg(a) consists of either one component of type L,(16) or L,(2%) or
of two components of type L,(16) interchanged by b,. But 4 C C;(a) and
so by (2.37), 4 N L is a Sylow 2-subgroup of L. In particular, z, centralizes
ANL andso z, induces an inner automorphism of each component of L.
However, C,l(zl) is of type L,(5) and C,l(zl) C Cp(z,). We conclude easily
from this that z;, must centralize L/O(L). But then z, centralizes J,/0O(J,),
contrary to the fact that z, induces a field automorphism of J; of order 2.
This completes the proof.

This result has two important consequences:
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LEmMMA 7.13. If BE E(S) and Z C B, then Ng(B) C M.

Proof. For E in E(G),set Yz = A*(Vg). It is immediate from the
definition that for x in G, (Yg)* = YE x+ In particular, if B is as in the lemma

and x € N(B), it follows that (Yz)* = Y. However, by the preceding lemma,
Yy =A*M)=V]. Thus xEM=Ngy(Vy) and so Ny(B) C M.

As customary, we say that M controls fusion in S if two subsets of S
conjugate in G are conjugate in M. We now prove

LEMMA 7.14. M controls fusion in S.

ProOF. By (2.70), we know that all fusion in S is determined by the
groups N;(D) as D ranges over the elements of 0. Hence to prove the lemma,
we need only show that each such N;(D) C M. However, D ]S and Cg(D)
CD. Thus Z(S) CD and so if we set B = Q,(Z(D)), it follows that Z C B.
Now the preceding lemma yields that N;(B) C M. Since clearly Ng(D) C
N;(B), the lemma follows.

Now we can eliminate the irregular case.

LEMMA 7.15. The irregular case does not occur.

PrROOF. By Lemma 7.10, F is nontrivial. Setting E =S N F, we have
that E is elementary abelian and that £ € S(F). But F<IM and so any con-
jugate x' in M of an element x of E necessarily liesin F. In particular, if
x' €S, then x' €E. Thus E is strongly closed in § with respect to M. Now
the preceding lemma yields that E is strongly closed in S with respect to G,
contrary to Proposition 3.1.

We have therefore obtained our objective:

LEMMA 7.16. We have I'g 3(G) C M.

We next prove
LEMMA 7.17. M controls fusion in S.

PROOF. Asin Lemma 7.14, we need only show that N (D) C M for
each D in D, which will follow from the preceding lemma if each m(D) > 3.
Suppose false for some D in 0. Since m(S)= 5, this implies that m(S/D) = 3.
But now (2.66) forces m(D) = 6, contrary to our assumption.

This in turn implies

LeEMMA 7.18. The following conditions hold:
i o) = 02"2(M);
(ii) No component of M has abelian Sylow 2-subgroups.
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PROOF. Set P =S8N0, ,(M). If P+ 1, then it is immediate that Z(P)
is a nontrivial abelian subgroup of S which is strongly closed in S with respect
to M. But then Z(P) is strongly closed with respect to G by the preceding lemma,
contrary to Proposition 3.1. Thus P =1 and so (i) holds. Likewise if M has
a component with abelian Sylow 2-subgroups, it follows as in Lemmas 7.15 that
S has a nontrivial abelian subgroup that is strongly closed in S with respect to
G, giving the same contradiction.

As a corollary we have

LEMMA 7.19. Every component of AM) is of type L,(q) for some q =
7, 9(mod 16) or of type A,.

We can now pin things down rather tightly.

LEMMA 7.20. The following conditions hold:

(i) AM) has m >3 components;

@ A@) =L,M);

(i) S=T, x Ty x** xT,, xB, where T;=Dg,1<i<m,and B
is elementary of rank at most m;

(iv) Every involution of G is central.

PROOF. As in the first paragraph of the proof of Lemma 7.9, we have that
VZ c A*(M). 1t follows therefore from Lemma 7.2 that J = A(M) # 1. Sup-
pose J C L,«(M) andlet K be the product of all components of M of even
type, so that L,(M)=JK. Set M =M/OM), so that K <M. By Lemma
7.18(ii), every component of K is simple and has nonabelian Sylow 2-subgroups.
It follows therefore from (2.13) and (2.18) that every element of S induces an
inner automorphism of K. Hence we can write S = S, x8,,where §;, =8N
K and S, = Cg(K). Furthermore, S, is a Sylow 2-subgroup of C= C;Di ).

We have that C<IM as K <M and that C NK = 1. Together these conditions
imply that S; and S, are each strongly closed in § with respect to M. By
Lemma 7.17,§; and S, are thus strongly closed in S with respect to G.
However, as §; #1 and S, # 1, this contradicts (2.73). Hence J = L,(M)
and (ii) holds.

Let m be the number of components of J and suppose now that m < 2.
By Lemma 7.18(i), 0,(M) = 1 and as J = L(M), (2.8) implies that Cﬂ(f) =1.
Thus § acts faithfully on J. However, as each component of J has dihedral
Sylow 2-subgroups, we have m(J) <4. But m(5)> 5. Hence considering the
structure of Aut(J), we see that M must have a normal subgroup of index 2

and we conclude from Lemma 7.17 that G does as well, contrary to the sim-
plicity of G. Hence (i) holds.
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Now let J;, 1 <i<m,be the components of J and set T, =S8 NJ,.
Then each Ii= D8 and so § leaves each J; invariant by (2.13). By (2.18),
the image Si of § in N N_ (J,)/C (J) is isomorphic to Dg or Dg x E,,

1 <i<m. From this and the fact that C_ (J ) = 1, we easily deduce that S =

T x B, where T is the product of the T, 1 i<m,and B is elementary of
rank at most m. Thus (iii) also holds.

Finally we have Z(S) = Z(T) x B with Z(T) the direct product of the
groups Z(T;) = E,, 1 <i<m. We have S, T x B where B is the image
of B in 1~Vi, 1<i<m. By(2 31) every involution Si is conjugate under the
action of J, to an element of Z(T) , 1 <i<m. From this, it follows at once
that every involution of § is conjugate in M to an element of Z(T)B = Z(S).
Hence every involution of G is conjugate to an element of Z(S) and so is a
central involution. Thus (iv) also holds and the lemma is proved.

We are finally in a position to prove that M is strongly embedded in G.
We argue by contradiction. We have that M C G and as T'g 3(G) C M, also
N;(S) CM. Hence H = C;(x) $ M for some x in I(S). Since M controls
fusion in S and since x is conjugate in M to an element of Z(S), we can
assume without loss that x € Z(S). In particular,x €4 and so A*(H) = A’;
CA CM.

Suppose A(H) # 1. Since no component of A(H) is of type SL(2, q),

q odd, m(AH)) =2 and x € A(H). Hence if we set Q = (S N A@H)){(x),
we have that m(Q) = 3. Moreover, by the Frattini argument, H = A*(H)NH(Q).
Since Ny(Q) C I'y 3(G) C M, we conclude that H C M, contrary to our choice
of H Thus AH) = 1.

Next set K = L,H) and H = H/O(H). Suppose K =1 in which case
H is 2-constrained. Setting R =S N O,,(H), we have R = O,(H). Since
m(S)> 5, application of (2.8) forces m(R) > 3. But then H = O(H)Ny(R)
and Ny(R)CTg, CM. Since OH) C A*(H) C M, again we reach the contra-
diction HC M. Thus K # 1.

Similarly if K, is a component of K, consideration of (§ N K ){x) and
its normalizer yields that M covers all components of K other than K,. But
then if K has more than one component it follows that M covers K, whence
K C M. Furthermore, if we set P =S8 N K, we have H = O(H)KN(P) by the
Frattini argument with m(P) = 3 and again we reach the contradiction H C M.
We conclude that K = L,«(H) consists of a single component of even type.
Likewise it follows that K £M otherwise we reach the same contradiction by
another application of the Frattini argument. Hence M does not cover K.

Suppose next that K = L,(9) or Psp(4,2"), or that K/Z(K) = L,(2"),

n > 2. We conclude at once from (2.36(iii)) that K C PE 3(1'? ) and consequently
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M covers K, a contradiction. Hence K = L,(2"), Sz(2"), or U,(2").

In the latter two cases S =P x Cg(K) by (2.19(iii)), whence S # £,(S).
But §=Q,(S) by (7.20(iii)), and thus we conclude that K = L,(2"),n >3
(as K is of even type).

Finally by (2.19(i)), we can write S =PU with PN U=1 and
|U: Cg(K)I < 2, with equality holding only if some element of S induces a non-
trivial outer automorphism of K. By (2.36(iv)) we have

K=(N_(P),Cc_D)).
K K

If m(U)> 3, we see that K C I‘ (H) so M covers K, which is not the case.

Thus m(U) < 2. Note also that by the structure of S, we have § = Q,(S).
Since U = §/P, it follows that also U = Q,(U). To eliminate this case, it will
suffice to prove that CZ(S)(I?) is noncyclic. Indeed, as U= Q,(U) with
m(U) <2 and U D Cg(K), this will force U = Cy5,(K) = E,, whence § =
PxUis elementary, wluch is not the case.

Set § = §/Cs(K) = PU so that P is elementary of index at most 2 i in S
We consider the product T of the dihedral groups T;, 1 <i<m. Then T has
an elementary subgroup of index at most 2. However, it is immediate from the
structure of T that this is possible only if Z(T) N CS(I_{ ) has index at most 2
in Z(T). However, Z(T) = E2m with m =3 and Z(T) C Z(S). Together
these conditions yield the desired conclusion that C(s)(K) is noncyclic. This
completes the proof of Proposition 7.1.

8. The even A-hull. By Proposition 7.1, we now know that L,(G) is
either empty or consists of an evenly embedded L,(5). Hence Proposition 3.2
is applicable and yields

O(Cs;(x)=1 forall x in I(G).

As a consequence, we have
L, =L,(Cs(x))=L(Cgz(x)) forall x in I(G).

Moreover, the components of L, are either elements of Kz or isomorphic to

L,(5).

For any subgroup Q of G, we now set
Xo =(L,Ix € T1(Q)=(L(Cs(x))Ix € I(D).
We call X, the even Q-hull (inasmuch as all components of each L, are of

even type or isomorphic to L,(5) = L,(4)).
By assumption, L(G) is nonempty. We now define
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r = max {m(K/Z(K)) |K € L(G)}.

We next choose 4 in N(G) such that

(@) L(G;A4) contains an element K with m(K/Z(K)) =r;

(b) Subject to (a), m(4) is maximal.
Recall that L(G; A) is the set of components of C;(a) as a ranges over A%,
Note that in all cases, K is a component of L, for some a in A* and so
X, #1.

Our goal in this section is to prove

ProPOSITION 8.1. For some choice of A, the following conditions hold:
(i) The even A-hull X, is semisimple;

(ii) The components of X, are elements of L(G;A) and include K;
(iii) Every element of L(G;A) either liesin K or centralizes K;

@iv) 4 € M(G).

We argue by contradiction in a long sequence of lemmas. We first consider
an arbitrary element 4 of N(G) satisfying conditions (a) and (b) above. We
fix K in L(G; A4), as above, and we set B = C,(K). Since K is a component
of some L, with a in A%, we have a€B andso B+ 1.

LEmMA 82. For each b in B*, K is a component of L,.

ProOF. Let b € B¥. By L-balance and (2.43) the normal closure J of
K in L, consists of either a single component or two components interchanged
by a and K = L(C;(a)) (using the fact that O(L,) =1). If L consists of a
single component, our maximal choice of K forces m(J/Z(J)) = r. But then
(2.26) implies that K =J, whence K is a component of L,. In particular, this
will be the case if either 4 € M(Cg(b)) or J has nonabelian Sylow 2-subgroups
by (2.43(iii)).

In the remaining case, J consists of two components J, and J, with
abelian Sylow 2-subgroups and if A* € M(C;(b)), then m(4*) > m(A).
Furthermore, by (2.12), we have J, = K. On the other hand, by (2.37(ii)) A*
NJ, # 1. Choose a* in (4* NJ,)*. Again by L-balance and (2.43), the
normal closure F of J, in La. consists of either a single component or two
components interchanged by b and J, = L(Cg(b)). Since J, =K, it follows
as in the preceding paragraph from our maximal choice of K that a component
F, (possibly F itself) of Cp(b) is isomorphic to J, and hence to K. But
F, € L(G; A*) and m(4™) > m(A), so our maximal choice of A is contradicted.
Hence this case cannot arise and the lemma is proved.

Taking b =a and arguing in essentially the same way, we easily obtain

LEMMA 8.3. K is A-invariant.
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As a further consequence, we have
LEMMA 84. X normalizes K.

ProOOF. This is immediate as L, normalizes K for each b in B* by
Lemma 8.2.
We next prove

LeEMMA 85. X, does not normalize K.

PROOF. Suppose false, in which case X, CN =Ny (K). Let y €A¥*. We
shall argue now that L, = L,L,, where L, is the product of the components of
L, whichliein K and L, is the product of those which centralize K. Since
L,CX,CN,L,C L, (Cy(»), whence L, CJ =L, (V) by (2.41). Clearly
K is a component of J and so J = KJ,, where J, is the product of the re-
maining components of J. Since K is A-invariant, so also is J, and therefore
» leaves both K and J, invariant and we also have L, <1 L, (C;(»)).

Setting N = N/Z(K), we have that K N J, = 1, whence J=K x J,.

Since y leaves each factor invariant, it follows that Cj(?) = CI_((}) X Cf ).
o

Since Z(K) is a 2-group in the center of J, this implies that 0%*(C;(»)) =
O*Cx (YN O*(C; (M), whence T, = Ly (Cy(») = Ly Cx(PNLy (€5, (3)-
Thus every component of J,, either liesin K or centralizes K. Since L, <
Jy , the desired factorization of Ly now follows.

On the other hand, as K is A-invariant and 4 € N(G), some element x
of A* liesin K. Then x centralizes L, and as L, is a product of compo-
nents of Ly , we conclude by L-balance that L, C L. This holds for each y
in A* and consequently X, CKL,. But KCL,CX, andso X, =KL,.
If M denotes the product of the components of L, which centralize K, our
argument yields that KL, = KM. Thus X, isa semisimple group, whose compo-
nents are elements of [(G; A) and include K. Moreover, our argument shows
that every element of L(G; A4) either liesin K or centralizes K.

Finally let S be a Sylow 2-subgroup of G containing 4. It is immediate
from the definition of X, that S normalizes X,. Let A* € M(S). Then 4*
leaves K invariant by (2.37). Since A <, it follows that A* leaves B =
C,(K) invariant. But B#1 andso Cz(4*)# 1. Since A™ € M(S), we con-
clude that b €A™ for some b in B¥. Since K is a component of L, by
Lemma 8.2, we see that K € L(G; A*). Now our maximal choice of 4 forces
m(A) = m(A*), whence A € M(G).

We have thus shown that all parts of Proposition 8.1 hold. Since we are
arguing by contradiction, we accept this lemma.

LEMMA 8.6. One of the following holds:
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(@) r=3 and m(G) <2r;or
@ii) r = 2, m(G) < 6, and some element of L(G; A) is isomorphic to
L,(9).

PrOOF. If m(G) < 2r, then necessarily r = 3 as m(G) = 5 by Proposi-
tion 5.14. Thus (i) holds in this case. Hence we can suppose m(G)> 2r. We
shall argue that either 4 € M(G) or (ii) holds. Choose 4* in M(G), so that
m(A*)>2r + 1. Setting E = C «(a@), we have that m(E) = r + 1. Moreover,
m(E) >4 if mA*)=>7. Now E C C;(@) andso E actson L,. Consider
first the case that E leaves K invariant. If K% L,(9) or m(E ) =4,it
follows from (2.23(iii), (iv)) that Cg(K) # 1. In these cases choose x in E*
to centralize K. As usual, L-balance together with our maximal choice of K
implies then that L. possesses a component L with m(L/Z(L)) =r. Since
x €EA*,L € L(G;A*) and our maximal choice of A forces m(4) = m(4*),
whence 4 € M(G). This argument applies unless m(EF) <3 and K = L,(9),
whence also m(4*) =m(G) <6 and r =m(K) = 2, precisely the conditions
of (ii).

On the other hand, if E does not leave K invariant, then K has abelian
Sylow 2-subgroups and for some x in E*,we have K #K* and L(CKK Lx)=K.

Again L-balance and the maximality of K forces A4 to be an element of M(G). This
proves our assertion.

We can therefore assume that 4 € M(G), whence m(4)=2r + 1. We know
that A leaves K invariant and now (2.23) yields that either m(B)=r+1 or K =
L,(9) and m(4)<6. Since (ii) holds in the latter case, we can suppose that m(B)
2r+1.

Finally as 4 € M(G), A acts on each component J of L, forany y in A%,
Moreover, our maximal choice of K implies that m(J/Z(J)) <r. Since m(B)=>
r + 1, we conclude from (2.23) that

L,= (L(CLy(b))lb €B%)

if either m(B)=>4 (in particular, if r > 3) or if no component of L, is iso-
morphic to L,(9). In the exceptional case we have r =2, m(4) <6, and some
component of L, is isomorphic to L,(9), so (i) holds. Hence we can assume
that we have the given generation of L for each y in A¥. But then by
L-balance, we obtain that L CXg for y in A¥# whence X 4 € Xg. Thus
X, =Xz as BCA. However this is impossible as X normalizes K, while
X, does not, by Lemmas 8.4 and 8.5.

We now sharpen the preceding result.

LEMMA 87. We have r= 3 and m(G) <2r
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PrOOF. By the preceding lemma, we need only derive a contradiction from
the assumption that r = 2, m(G) < 6, and some element of L(G; A) is isomor-
phic to L,(9). By Proposition 5.14, we have m(G) > 5 and so m(G) =S5 or
6. Hence by Proposition 5.2(ii) there exists z in I(G) with m(Cg(z)) =
m(G) such that L, has a component of type L,(9). Then z € A* for some
A* in M(G) and now our maximal choice of 4 forces m(4) = m(A*). Thus
A € M@G).

Since r = 2, every element of L(G; A) is isomorphic to L,(5), U5(4),
or L,(9). If possible, we choose K isomorphic to one of the first two groups.
We set B =C,(K), so that m(B)=3 or4 if K=L,(5) or Uy(4) and
mB)=2,3,0r4 if K=L,(9).

By Lemma 8.5, L, does not normalize K for some x in A# and so
some component J of L, does not normalize K. We claim that J = L,(9)
and m(B) =2 or 3. If J# L,(9), then neither is K by our choice of X,
whence m(B) =3 or4. But A actson J as 4 € M(G). Since J = L,(5)
or U;(4), it follows from (2.23) that some b in B# centralizes J. On the
other hand, if m(B) = 4, the same conclusion holds even if J = L,(9) by
(2.23(iii)). Since K is a component of L, and JCL,,J thusnormalizes K,
contrary to our choice of J. This proves our assertions.

Setting E = C,(J), we reach the same contradiction if ENB # 1,50 E
NB=1. Since m(A/B) =2 or 3, this forces m(E)<3. But m(E)=>2 as
also m(A/E)=2 or 3,s0 m(E) =2 or 3. Furthermore in the latter case E
must act faithfully on K as E N B =1, in which case K = L,(9). The situa-
tion now is essentially identical to that which we treated in Lemma 6.12. There
we had K and J quasisimple with K/O(K) =J/O(J) = A,, m(4) =S, and
m(B) = m(E) = 2; while here we have K = L,(5), U5(4) or L,(9),J =L,(9)
=A,,mA)=5 or 6,m(B)=2o0r3,and m(E)=2 or 3.

However, we can repeat that proof with essentially no change. There are
only three points that should be mentioned. First, if u is an involution of
N;(A4), we again have that |4 : C, )| <2,s0 u centralizes some b in B*
and also centralizes some involution of 4 N K. Together these conditions
force u toliein Cgy(b) and to normalize K. Secondly in the present case,
L(G) is a subset of {L,(5), U3(4), L,(9)}, so certainly K is a nonembedded
component of L(G; A*), where A* has the same meaning as in Lemma 6.12.
Thus we again have that N;(K) covers both NF(Z ) and Nj(/—l*), where

again JA = JA/O(J)E = JAJE. In the present case, either JA =J= L,9)
or JA =S, In either case (2.35(viii)) implies that J = (NJ_(Z ), NJ_(Z*)).

Thus Ng(K) covers J=J andso Ng(K)DJ, contrary to our choice of J.
As a corollary, we have
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LemMA 88. If b € B¥, then K is the only component of its isomorphism
typein L,. In particular K < Cg(b) and K < N;(B).

ProoF. We know that K is a component of L,. If Z(K) =1, then K
is the only component of its isomorphism type in L,, otherwise m(L,(b)) >
2r + 1, contrary to the preceding lemma. On the other hand, if Z(K) # 1, then
K/Z(K) = L4(4) and r = 4. But then we reach the same conclusion, since other-
wise m(L,)=9>2r+1 by (2.16). Thus K is characteristic in Cg(B).
Hence C;(b) and Ng(B) normalize K.

We can also prove

LEMMA 89. We have A = (A NK)B with A N K € MKX).

PrROOF. We know that K is A-invariant. Since r > 3, K % L,(5). It fol-
lows therefore from (2.37(iii)) that 4 N K € M(K) and that every element of
A induces an inner automorphism of A4. Hence 4 =(4 NK)C,(K)=(4 NK)B.

This completes the preliminary analysis. As in the corresponding analysis of
Collin’s characterization of the Suzuki groups [4], the main part of the proof
consists in establishing the following assertion:

N;(A) normalizes K for some choice of A.

REMARKS. We shall actually prove that except in the case K = PS,(4, M),
N;(4) normalizes K for any choice of A.

We shall prove this result in a sequence of lemmas. ‘We set N = N;(4)
and A4, =A NK. Note that A =A,B with the factorization direct unless
Z(K) # 1, in which case K/Z(K) = L,(4). We also set W =N, (K). Our
goal is to show for some choice of 4 that W =N and so we can assume by
contradiction that W C N for any A.

LEMMA 8.10. If y EN — W, then BN BY = 1.

PROOF. If not, pick b in (BN B”)*. Then K and K” are compo-
nents of L, and K #K”,s0 L, has more than one component isomorphic to
K, contrary to what we have shown in Lemma 8.8.

LeMMA 8.11. The following conditions hold:
@ W=Ny@®);
(i) WNK=NgA,).

PROOF. Since C;(B) C C;(@) as a €B, K is a component of L(C;(B))
and, as above, it is the only component of its isomorphism type, so K is
characteristic in Cg(B). Hence Ng(B) normalizes K, whence Ny(B) C Ny(K)
C W. On the other hand, W normalizes B = C,(K) as it normalizes both K
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and A4,s0 WC Ny(B) and (i) follows. Clearly W N K = Ng(4) =Ng(4,),
so (ii) also holds.
Lemmas 8.10 and 8.11 together immediately yield:

LeEmMA 8.12. Any two distinct conjugates of B in N intersect trivially.

We break up the analysis into two cases according as the Lie rank of K is
1 or 2.

Case 1. K = L,(2"), Sz(2"), or U5(2"),n>2;

Case 2. K = L,(2"),PSp(4, 2"), n = 2, or a covering group of L;(4).

Note that in Case 1, as m(K) = r, we have, in fact,n =r.

In Lemmas 8.13—-8.22, we assume that Case 1 holds.

LEMMA 8.13. If B> NA; #1 for y in N, then BY CA,.

PrOOF. Set E=BY NA,,m(B)=b,and m(E)=e. We know that
b<r as m(G)<2r and we have e <b. To establish the lemma, we must
show that e = 2.

Setting W, = W N K, we have W, = Ng(4,) and consequently by the
structure of K, W, /Cwl(Al) is cyclic of order 2" — 1 and acts regularly on

A,. Since W, NW? and Cwl(A 1) leave E invariant, it follows that

[(w, n Wy)Cwl(Al)] /Cwl(Ax) has order at most 2¢ — 1, whence

(W, : W, D WY| > (2" — 1)/(2° — 1). On the other hand, if 4 and v are
representatives of distinct cosets of W, N W? in W,, Lemma 8.12 implies that
E* NEY=1. Since |A¥|=2"—1 and |E¥#| =2° — 1, there are thus at
most (2" — 1)/(2¢ — 1) such cosets and we conclude that
(W, : W, nw?”|=Q" - 1)2° - 1).

Since W, centralizes A/A,, it leaves 4 B” invariant. Since W” leaves
B” invariant, the preceding equality shows that BY has precisely
(2" — 1)/(2° — 1) distinct conjugates in A,B” under the action of W,. More-

over, two such conjugates intersect only in the identity by Lemma 8.12. Hence
counting the nonidentity elements in their union, we obtain

QP —1)- 2" -1/ —1)<20btr-e_,

the integer on the right representing the number of nonidentity elementsin A,B”.
Simplifying, we obtain

27 + 20 > pbtr—e 4 ge,
Since e < b <r, this forces the desired conclusion e = b.

LEmMA 8.14. Forsome y in N — W, we have BY N4, = 1.
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ProoF. If false, then by the preceding lemma all N-conjugates of B other
than B itselfliein A4,. Since W, = WNK acts transitively on A¥ and trivially
on B, it follows now that A% has precisely two conjugacy classes under the action
of N: namely, A¥ UB* and 4 - (4, UB).

We consider the square of the conjugacy class of Af U B* in the group ring
Z[A]. We obtain, with b =m(B) once again,

@ +26 -1+ Q" -2u¥+ (2> -2)B* + 14 - 4, U B)),

where the coefficients represent the number of times the given set appears in the
enumeration. Since we must end up with a linear combination of conjugacy
classes of A under the action of N, the only possibility is that b =r.

We conclude now from Lemma 8.12 that A4, is the only N-conjugate of B
distinct from B, which implies that [NV : W| = 2.

Let S be a Sylow 2-subgroup of N. Then A CS as AN and SE€
S(G) as 4 € N(G). By the preceding equality, there exists y in N which
interchanges B and A, under conjugation. Since y centralizes Z(S) C 4, it
follows that Z(S) N A, = Z(S) N B = 1. We can clearly choose § so that
SNKESK). If SNK is nonabelian, then 4, = (S N K)' C Z(S), which is
not the case. Hence SNK =4, and K = L,(2"). Likewise no element of
W NS induces a field automorphism of K of order 2, otherwise 4, N S’ c
A, NZES)# 1. Hence WNS =A,Cg(K). But by definition of 4 and B,
clearly B € M(Cg(K)). Hence if Cg(K) O B, it would follow that B N
U (C5(K)) # 1. However, this is impossible as B'(S) € Z(S) and B N Z(S)
=1. Thus Cg(K) =B and we conclude that WNS=4,B=A.

Hence S =(A; x B)(y) with > €A =A,B and y interchanging 4,
and B. One easily proves in this situation by induction on the order 2" of B
that y can be taken to be an involution. Indeed, if we take b in B¥ and
apply induction to S/{b, b”), we see that we can choose y so that y2e
(b, b¥). Then (b, ¥)=Dg,and so {b, y)—<(b, b¥) contains an involution
which we can take as y. Thus § = E2 , vV E,, and now (2.74) yields a contra-
diction.

Now we can prove

LEMMA 8.15. One of the following holds:

@ A4, <N;or

(i) N acts transitively on A¥.

ProOF. Since W NK acts transitively on Af and trivially on B, conju-
gation by WN K divides 4 — B into classes of size 2" — 1. Conjugating B¥
by the element y of Lemma 8.14 adds one element to each of these classes with
the exception of the class A’f. Hence the N-classes of 4 — A4, are unions of
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sets each of size 2’ and each containing an element of B¥,

Let C, be the N-conjugacy class of A¥. To prove the lemma, we must
show that either C, = Af or A*, so suppose false, in which case C, containsan
element b, of B¥ and A¥* has an N-conjugacy class C, distinct from C,.
Likewise C, contains an element b, of B¥. Furthermore, as [A¥| =2 —1,
it follows from the preceding paragraph that

[C;I=—1 (mod 2") and |C,|=0 (mod 2").

On the other hand, by Lemma 8.8, we have Cy(b;) C W, i =1, 2. Hence
for i=1 and 2, we have

IGl = IV : GBI = IN - W1 IW: Cy B)).

But now using our congruence for |C,|, it follows that [N : W| is odd. Hence
by our congruence for |C,|, we conclude that |W:C,(b,)|=0 (mod 2).
We shall now contradict this last conclusion. We know that W normalizes
B and consequently |W: Cy(b,)| < [B¥|. But |B*|<|4%¥1< 2,50
{W: Cy(by)l <27, giving the desired contradiction.
As a corollary of our argument, we have

LEMMA 8.16. If A; < N, then the N-conjugacy classes of A — A, each
have size divisible by 2" and are disjoint from A,.

We shall next eliminate the second possibility of Lemma 8.15 and thus prove
LEMMA 8.17. We have A; < N.

PROOF. Suppose false in which case N acts transitively on A¥. By Lem-
ma 8.12 Cy(b) C W for b €B*, whence |N:W| isodd. Since 4 € N, we
can thus choose SE€S with SCW. Let T=Cg(4,). Because S actson K,
IS:TI<2. As S normalizes B, A4, C C,(T) and we have that T central-
izes an element of (B”)* forany y in N. By Lemma 8.12, T C W”. By
Lemma 8.14 pick y sothat BY N4, =1=BY NB. as T centralizes 4,,
it follows that T centralizes B and T = Cg(4). Clearly A = £,(T), so by
Proposition 3.1 [S:T| =2 and S — T contains an involution ¢. As G is
simple, ¢ is conjugate in H=Ng(D) to a in A where D C S is chosen as
in (2.70). We know that ¢ actson K = L,(2") as a field automorphism,
whence Cg(#) has rank at most 1 +r/2 + b, where b = m(B). It follows from
r>3 that r >4 and the fusion cannot occur in Ng(S). Since H = H*Ny(S),
the fusion occurs in H*. By (2.65(iii)), at € Z(D), whence D N A cc,(
and the image A in H=H/D hasrank >r/2>2. For bEA-AND,
ID:Cp(b)| <|S:T|=2. Thus for any k € H,(b, b") is a dihedral group
centralizing a subgroup of index at most 4 in D. Thus the core of this dihedral
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group has order at most 3, contradicting the structure of H given in (2.70).

We can now give a fairly complete description of a Sylow 2-subgroup of G.
Pick b in B* so that a Sylow 2-subgroup P of Cg(b) has maximal possible
order. By Lemma 8.8, P normalizes K and so T=PNK € S(X). Without
loss we can assume A C P and we let S be a Sylow 2-subgroup of G contain-
ing P. Then A S as A€ N(S) and so S CN. Furthermore,Z =Z(S)C A
for the same reason. By Lemma 8.16, the number of N-conjugates of every ele-
ment of 4 — A, is a multiple of 2". In particular, this number is even and so
no element of A — A, liesin Z, whence ZC A,. Thus |Z|<2". On the
other hand, [S, b] CZ as S hasclass 2. But |[S, b]|=1S:Cg(b)l =|S: Pl and so
is a multiple of 2". Hence |Z|=2" and so Z=A,. This in turn implies that no
element of P induces a nontrivial outer automorphism of K, as otherwise A4,
would not lie in Z(P). It follows therefore that P =T x Cp(K). Since B N
Z =1 and B € M(Cp(K)), we also have that B = Cp(K) (using the fact that
S’ and U!(S) liein Z). Thus P =T x B. In addition,P<IS andas ZC
P, we must have S/P elementary, again as S’ and T !(S) liein Z. Our con-
ditions also force [S/P| = 2". Since each element of 4 — 4, has a multiple of
2" N-conjugates, it follows now that Cg(x) =P for x in 4 — A,. Since each
such x is conjugate to an element of B¥, we conclude from our maximal choice
of b that each element of 4 — 4, is extremal in S.

We summarize these conclusions:

LEMMA 8.18. There exists a Sylow 2-subgroup S of G with the follow-
ing properties:

(@) ACSCN and T=SNK € SK);

() A, =ZES)=Z(T)=1IS,x] forany x in A - A;

(iii) Every x in A— A, isextremalin S and P= Cg(x) =T x B;

@(v) P< S and S/P is elementary of rank r.

We fix such a Sylow 2-subgroup S of G and we next prove
LEMMA 8.19. We have K = L,(2") and P = A.

PROOF. Suppose false, in which case K == Sz(2") or U;(2"). By Propo-
sition 3.1, 4, is not strongly closed in S. Hence some z in Af is conjugate
in G to y in §—A4,. By the preceding lemma (or Lemma 8.16), no involu-
tionof A — A, iscentralandso y €S — P (as ,(P) =A). As usual, we
may assume that this conjugacy occurs in M = N(D) for some D in the
Goldschmidt conjugation family 0. Since N,,(S) normalizes 4, = Z(S) and
M = M*N,,(S), where M* = 0% (M), we can suppose that this conjugacy takes
place in M*.

Since z€ A4, CZ=Q,(Z(D)),also y €Z. Thus D C Cg(y) and as
y € P, Lemma 8.18(iii) implies that D N A = A,. It follows that
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D N P is isomorphic to a subgroup of T containing A4,. Clearly DCS. If
IS : D| = 2, then necessarily |B| =2 and D NP must project onto P/B =T,
whence 4, = (D N P)’. But this is impossible as M* centralizes D' by
(2.65(iii)) and M™* does not centralize z €A4,. Hence |S:D|>4 and so if
we set M = M/DCy,(D) = M/DO(M), we have that M*/O(M) = L,(2™) for
some m = 2.

We argue next that M™* = L,(2™). To prove this, we need only show that
S centralizes O(M*). Indeed, if that is the case, then CM‘(O(M *)) covers

M*/O(M™) = L,(2™). However, as the latter groups have no nontrivial perfect
central extensions by a group of odd order, it follows that M* =L x O(M*),
where I = L,(2™). But then 02 (M*)=L. Since M* = 0¥ (M), 0* (M*) =
M* and we conclude that M* = L = L,(2™), as claimed.

Since DNA=A,,B#1. But Cg(b)=P for b in B¥ and conse-
quently C,(b)=A, =Z(S) for b in B¥. However, by the structure of
L,(2™), NM‘(E) acts transitively on §% and consequently C,(#) = Z(S) for
all # in S¥. But nowif S does not centralize O(M), then S does not
centralize F = [CO(A_!‘)(E)’ S] forsome u in §% as § 2E m>2.
However, F C 0?(M*) and so F acts faithfully on Z by (2.65(iv)). Hence by
Thompson’s A x B-lemma, F must act faithfully on C (&) = Z(S). But §
centralizes Z(S) and F = [F, §1,s0 F must centralize Z(S), whence F =1,
which is not the case. This contradiction establishes that M* has the asserted
structure.

Set E = UY(D), so that E C Z(S) = A4,. Since D NP is isomorphic to a
subgroup of T containing A4, it is straightforward to show by counting the
number of square roots of elements of £ in D NP that

IDNP:A4,|<|E| if K=8z(2"),
IDNP:4,I<IEIl4,] if K =U,@2).
Since correspondingly 1T| = 14,12 or |4,|3, we conclude in both cases that
ID A P14,I<T| |E].

We shall now establish a second inequality for |[D N P[[A4,|. We use
(2.66(iv)) which is applicable as M* = L,(2™). It yields

IS:DI<|A, :El

Thus
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IP:DNP|=|PD:D|<|S:D|<|A, :EIl.
Since |S:P|=|A,| by the preceding lemma, this implies
IS:DNP|=[S:PI|[P:DNP|I<|A,|lA, :El,

which in turn yields

IDNP||A|>|S:A,l|EI|

Comparison with our first estimate gives |T| >1|S:4,| = |P|. However,
this is impossible as P =T x B and B # 1. This establishes the lemma.
In treating the remaining case, we first prove

LEMMA 820. The following conditions hold:
@i S<4N;

i) N=SW,

(iii) SNW=A4=P.

ProoOF. We know from Lemma 8.18 that Cg(B) = P. We claim first that
Ng(B) =P. If not, then b” €B forsome b in B¥ andsome y in §-P.
But then 1# [b,y] EB NS’ CBNZ(S). However, BN Z(S)=1 by Lem-
ma 8.18, so our assertion holds.

We know that the N-conjugates of B¥ are disjoint and as Ng(B) =P
with |S:P|=[4,][, it follows that the S-conjugates of B* include all N-conju-
gates of B¥. Hence N = SNy(B) = SW by Lemma 8.11(i). Since SN W =P,
it remains only to show that S < N.

We argue first that N is 2-constrained with O(NV) = 1. Indeed, OV)
centralizes A and so for b in B¥, OV) C C;(b) and 4 =P € S(C;(b))
by Lemmas 8.18 and 8.19. Since A is elementary, every component of L, is
isomorphic to L,(2™) for some m. Since O(V) centralizes A N L, €
S(L,), OWV) centralizes L, by (2.20(iii)). Furthermore, O(V) centralizes
0,(C;(8)) C A. Since O(C; (b)) = 1, we conclude now from (2.8) that OWV)
= 1. Furthermore, L(V) centralizes 4 as L(N) and A4 are each normal in
N. But SNLV)E S(L(NV)) and Cg(4) C Cg(B) = A. Hence A NL(V) is
a Sylow 2-subgroup of L(V) and lies in Z(L(N)), which is clearly possible only
if L(N) = 1. We conclude now from (2.9) that N is 2-constrained, which
proves our assertions.

Finally set Q = O,(V),so that A CQ CS. Since A; =Z(S),S cen-
tralizes both 4, and Q/A, and so stabilizes the chain @D 4, D 1. But 4,
<IN by Lemma 8.17 and Cp(Q) CQ as N is 2-constrained with O(NV) = 1.
Hence the stabilizer of this chain is precisely O,(V) = @ and we conclude that
S=04N.
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We can now pin down S precisely.

LEMMA 821. The following conditions hold for some subgroup R of S:
(@ S=RB with RNB=1,A, CR, and R is invariant under W.
(i) IRl =2%" and R is either elementary or homocyclic abelian.

PROOF. We have that W actson S andso W actson §=S/4,. Since
A, D U(S), S is elementary abelian. Since B is W-invariant,S$ =B x R for
some W-invariant subgroup R of S Thus the inverse image R of R in § is
W-invariant, contains A,, and is disjoint from B. Since also § =RB, R satis-
fies the conditions of (i). Moreover, |R| = 22" as |S:A4|=2".

Suppose R is not elementary. For b in B¥, [S, b] = [R, b] =4, as
Cg(b) = A. Since W acts transitively on Af and trivially on b, it follows that
W also acts transitively on R. Hence if some coset of A, in R distinct from
A, contains an involution, all such cosets do and as 4, C Z(R), it would follow
at once that R had exponent 2 and was elementary, which is not the case. Thus
A, =Q,(R). Since A is not strongly closed in S,S — A contains an involution
y and y has the form xb, where x ER — A, and b € B¥. Then b must
invert x and as W centralizes b and acts transitively on R, this implies that
b inverts R, forcing R to be abelian. The only possibility is that R is homo-
cyclic and we conclude that (ii) holds.

We next prove

LEMMA 822. R is elementary abelian.

PROOF. Suppose false, in which case R is homocyclic abelian and £, (R)
=A,. Since A, is not strongly closed in S, it follows, as usual, that z ~y in
M = Ng(D) for some z in Af,y in S —-A4,and D in D, and, moreover,
that this conjugacy can be assumed to occur in M ¥ 02'(M ). We have y =
xb forsome x in R—A, and b in B¥. Furthermore,z € Z = Q,(Z(D)),
so yEZ and hence DC Cg(y) and DNA4 =4,.

Observe next that b inverts R as we have shown in the preceding lemma
and consequently Cr(¥)=A4,. Thus RND =4, and so if we set M =
M/DC,;(D), we have that |S|> |R/A,| = 2", whence |S|>2. Since DNA =
A,, B#1 and we conclude now exactly as in Lemma 8.19 that M* = L,2™)
for some m. Our conditions imply that m = r. On the other hand, if b, €
B* with b, # b, we claim that b, does not invert any element of R — 4,.
Indeed, if b, inverted such an element u, then u € Cg(bb,), contrary to the
fact that Cg(bb,) = A. This means that x,b, is not an involution for any x,
in R—A, andany b, #b in B*. From this we conclude that Z =4, x
(y) and so m(Z)=r+ 1. However,as |S|=2" with m=>r>2 and m*
= L,(2™), we see that (2.66(iv)) is contradicted.
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We are left finally with the case that R is elementary. This time we use the
fact that R is not strongly closedin S. Hence z~y in G forsome z in R*
andsome y in S—R. Butas Cg(b) =4 for b in B¥,it is immediate that every
involution of § liesin R or A. In particular,y €4 — 4,. We have shown above
that no element of 4 — 4, is conjugate to an element of 4, andsoalso zER —
A,. Asusual, we can assume that this conjugation occursin M =N (D) forsome D
in D. But Z(D)C C4(¥) N Cs(z)=ANR=A,. Thus M* = 0* (M) centralizes
Z(D). Since M* centralizes D/Z(D) by (2.65(iii)), it follows that O*(M*) central-
izes D. Since M = O*\M *)NM(S) by the Frattini argument, we conclude that our
conjugation takes place in N,,(S). However,R and A are clearly the only two
elements of N(S) and consequently each must be normal in N;(S), whence z and
y cannot be conjugate in N;,(S). We have therefore proved

LEMMA 8.23. Case 1 does not occur.

It remains to treat Case 2. Thus K = L;(2"),PSp(4,2"), or K/Z(K) = L;(4).
We put n =2 in the last case. We set N =N/C;(4) and W, = WNK. By
(2:21(ii)), W, = Z(W,) x J, where Z(W,) is cyclic of order dividing 2" — 1
and J= SL(2, 2") = L,(2") is simple as n > 2. Again we choose S in S(G)
to contain A as well as a Sylow 2-subgroup T of K. Again 4 € N(S) is
normalin § and so SCN.

The elimination of this case hinges on the following result:

LemMa 824. J is a component of L(N).

ProOF. Since 4 € N(G), we have Z(S)C A andso S'CA. Thus § is
abelian, and it follows now from the structure of groups with abelian Sylow 2-sub-
groups that N/L,.(NV) issolvable. As J is perfect, we conclude that J C L,(V).
By (2.21(vii)) C, l(t—)= T'CZ(S) forany 7 in T*. Since K centralizes B, we
have C,(t)= T'B = C,(T). We claim that T centralizes F = O(L, (V). In-
deed CE(?) normalizes C,(f)=C,(T) whence F= (CE(T NFE T#) normalizes

C,(T). Since C,(T)=T' x B, we see that T centralizes 4/C,(T) and C,(T),
and hence so does [F, T]. We conclude that [F, T] centralizes 4 and [F, T]
=1. Consequently [F,J] =1,and JCL(N) by (2.10).

We must show that J is a component of L(NV). By (2.65(v)) if N and N
are distinct components of L(V), then in an L(V)-composition series for A, N,
and N act nontrivially on distinct composition factors ¥, and V,. J centralizes
B and has just one nontrivial composition factor on 4, by (2.21). Thus J cannot
act nontrivially on both ¥V, and V,. Consequently J cannot project nontrivially
onboth N, and N,,and we may assume J CN,.

We claim Nl is of type L,(2™).If not, then by (2.65), N, is of type L,(q),
g=3,5 mod 8,9>5,J, orRee type. T is of rank at least 2, and by the argument
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given above for F, T centralizes any T-invariant subgroup of odd order of N,. But
if N, isof type L,(q), then we know from the subgroup structure of L,(q) that
the centralizer of ¥ in N,/Z(N,) is dihedral of order ¢ + 1 or g — 1 according as
g=3 mod 8 or ¢=5 mod 8. Ineither case T does not centralize O(Cﬁl @®)).

Thus N, isnot of type L,(q) with the given restrictions on ¢. Likewise if N,
were of Ree type, then by (2.26(v)) the same argument would apply to the central-
izerin N, of a subgroup of rank 2 of T,. We are left with the possibility that N,
is of type J;. In this case we know [23, Section 1] that all involutions of N, are
conjugate and that for 7 €T#, ¢ hasa conjugate # such that <&, ) is dihedral of
order 38. Hence O({#, t?) has order 19 and acts faithfully on 4/(C,(7) N C,(u))
whichhas rank at most 2m(4/C,(¢)). But TCN, implies m(T)<m(J,)=3
whence m(4/C,(6)) =m(4,/C, (1)) <6by(221(ii)). Thus O(% ) acts faith-
fully on an elementary abelian group of order at most 2 which is impossible.

Finally we have that N, is of type L,(2™). We know by (2.21(ii)) that
(A:C, (7)) =2" where J=L,(2"). Henceif V isany nontrivial N,-composition
factor of A, we have (V:C},(7))<2" whence m <n by (2.66(ii)). We conclude
T=W,.

We now strengthen the last conclusion.

LemMA 825. T is normal in N.

ProoF. If K/Z(K)=L,(2"), then r=m(K/Z(K)) = 2n. Since m(G)<?2r,
it follows that m(4) < 4n. But now (2.66) implies that L(N) has at most 2 compo-
nents isomorphic to L,(2"). Since J is a component of L(V), 0*(N) must then
leave J invariant. Since S is abelian, it also normalizes J and we conclude that
J<N.

Suppose then that K =PSp(4,2"), whence r =m(K) = 3n by (2.21(i)). In
this case, m(4) < 6n and so L(N) has at most 3 components isomorphic to
L,(2™). If the number is less than 3,7 <N as in the preceding case. We can
therefore assume that L(V) has 3 isomorphic components J=7J,,7,, /. In
this case m(4) = 6n and J =J, acts faithfully and irreducibly on A, =
[4, J,] which is of rank 2n, by (2.65(v)). Since J centralizes A/A,, it follows
that A, C A4,. But by (2.21(v)), 4, has no faithful irreducible J-submodules.

Now we can eliminate Case 2 and thus attain our objective:

LEmMA 826. N;(A) normalizes K for some choice of A.

PROOF. Since N normalizes J, it leaves C,(J) invariant. If K/Z(K)=
L,(2"), then J acts faithfully and irreducibly on 4,/Z(K) and Z(K) C B, so
C,(J)=B. Thus N leaves B invariant and so B <\N. Butthen N =W by
Lemma 8.11(i), contrary to our assumption W C N. Hence K = PSp(4, 2").

In this case A, = CAI(J_) has rank n by (2.21(v)) and we have CA(.T) =
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AyB. Our argument yields that 4,B is normal in N. Furthermore, Z(W,)

acts transitively and regularly on A# by (2.21(v)) and trivially on B. Thus the
situation is very analogous to that which we had in Case 1. We know that any
two N-conjugates of B intersect trivially by Lemma 8.12. Likewise N does not
normalize B as W CN. We conclude now as in Case 1 that the N-classes of
AyB — B have size divisible by |A4,| =2" and intersect B nontrivially. From
this it follows, as before, that 2" divides |S : Cg(b)l whence [S, b] =4, for
b in B¥, which in turn yields Cg(b) =Ng(B) for b in B¥. As before, the
S-conjugates of B¥ fill up A,B — B and we conclude as in Lemma 8.20 that
N = SW.

To obtain a final contradiction, we exploit the fact that T=S N K
possesses a second elementary subgroup A4} #A4, of rank 3n and that
Ng(A}) has the same structure as Ng(4,). Then A4* = A} x B satisfies the
same criteria for selection as A inasmuch as m(4*) =m(4),a€B C A* and
K is a component of L,. This means that we can work with A* just as well
as with 4. Hence if N* =Ng(4*) and W* = N,,+(K), it follows from our
assumption that also W* C N*. Therefore all the conclusions we obtained about
N hold as well for N*. In particular, setting N* =N */CG(A *) and defining J™*
by analogy with J, we conclude that 4 :)‘B is normal in N*, where A: =C 7 «(J%).
Since SCN * it follows that S normalizes A:B. !

Our argument yields that S normalizes 4,8 N A3B. But A, and A,
lie in Z(T) by (2.21(vii)), while BNZ(T)=1,50 A,B N AgB = (4, N Ay)B.
However, 4, N A; is normalized by (Ng(4,), NK(A’:)) , as is easily checked,
and this group is K by (2.36(iii)). Since K is simple, this forces 4, N A: =
1 and we conclude that S normalizes B. Thus S C W= Ny(B) andso N =
SW = W, giving a final contradiction.

We assume henceforth that A is chosen so that N;(4) normalizes K.

As an immediate corollary, we have

LEMMA 827. We have A € M(G).

ProOF. We know that N = N;(4) contains a Sylow 2-subgroup S of
G. Since S normalizes K, it normalizes B = C,(K). Since B # 1, it follows
that z €B for some involution z of Z(S). Let 4™ € M(S), so that z €
Z(S) EA*. By Lemma 8.2, K is a component of L, andso K € L(G;A4™).
Now our maximal choice of 4 forces m(4) = m(4*) and so 4 € M(G).

By Lemma 8.5, X, does not normalize K. Hence for some x in A*
and some component J of L., we have that J does not normalize K. We
fix such an x and J and investigate the structure of J. Since 4 € M(G), it
follows from (2.37) that J is A-invariant. If J = L,(5), no involution of Cg(x)
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induces a nontrivial outer automorphism of J as L,(5) is evenly embedded in
L(G). Since either J=L,(5) or J is of even type, it follows from (2.37) that
ANJEMJ) in all cases. Furthermore, except possibly in the case J = L,(9),
no element of A% induces a nontrivial outer automorphism of J by (2.37(iv))
and so except possibly in this case, we have 4 = (4 NJ)C,(J). Finally as
Cg(b) normalizes K for b in B¥ by Lemma 8.8, we have

J ¢ (Cg(b)| b €B?).

We shall use these facts in our analysis. We first prove

LEMMA 828. We have J % L,(9).

PROOF. Suppose J = L,(9). Set A, =A NJ,so that 4, =E,. By
(222),N,(A)=H=S, and A=A, x By, where B, = C,(H). Since H
normalizes A, it normalizes K. Hence H normalizes both 4, and B. Since
A, is the unique subgroup of 4 on which H acts irreducibly and nontrivially,
we have 4, C A, or B

Suppose A, C A,, in which case H acts faithfully on K and 4, =4,
x (A; NBg). Let u be an involution of H — H'. Then u centralizes B, as
well as a subgroup of index 2 in A4, and consequently |4, : C, l(u)I = 2. But
K is of even type with m(K/Z(K)) = 3 and now (2.20) and (2.21) show that
no involution of N;(K) can act on A, in this way. We conclude that 4, C
B. This in turn implies that A, C B,. Hence u centralizes A,. Since u &
By, u €A4,, and now by (2.20) and (2.21) some involution v of A (u)—-A4,
centralizes K.

The group T, = Ay{v)=Dg and centralizes K. Moreover, 4 C TyB, =
T0 x By. Let Ay be the four subgroup of T, other than A, and set A* =
A} x B,. Then m(4*)=m(A4) and so A* € M(G). Furthermore, 4, N Ag
#1 and as A, C B, it follows that b €A* forsome b in B¥. Since K is
a component of L, by Lemma 8.2, we have that K € L(G: A*). Hence A*
satisfies our initial conditions (a) and (b) as well as 4 does. Since Lemmas 8.2—
8.9 hold for an arbitrary clement of N(G) satisfying these conditions, we con-
clude now if we set B* = C +(K), that CG(b*) normalizes K for all b*
in (B*)* (which is the analogue of Lemma 8.8). But AO C B* as A0 CT,
and T, centralizes K. Hence CG(a ) normalizes K for a* in (Ao)#

Since 1(Ty) = Ag v (Az )* and A, C B, our argument yields that
(Cy(f) 1t € 1(T,)) normalizes K. However, as T = Dy, it follows from
(2.36(i)) that this group is J itself. Thus J normalizes K, contrary to our
choice of J.

Since J # L,(9), we have that 4 = (A NJ)C,(J). We put 45 =4NJ
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and By =C,(J). Thus A =A4,B, with 4, N B, =Z(J) and A, € M(J).
We also set H = N;(A4,). Our conditions imply that BN B, = 1.
We next prove

LEMMA 829. We have J ¥ L,(2™), Psp(4,2™), m = 2, or a covering
group of L;(4).

PROOF. Suppose false and consider first the case that Z(J) # 1, whence
J/Z(J) = L4(4) and Z(J) C B,. We have that H normalizes A and so H
normalizes K, which implies that H normalizes both 4, and B. Set A=
A/Z(J). Then H acts irreducibly on Zo by (2.21) and as H acts trivially on
A/A,, it follows that A, CA, or B. In the latter case, 4, C Z(/)B. But
ZJ)yNB=1 as Z(J)CB, and BNB, =1. Thus A, =Z(J) x (4, N B)
with Ay N B invariant under H. However, this is impossible as H acts inde-
composably on A, a fact which is easily checked using (2.16).

Hence we must have 4, CA4,, whence 4, C Z(J)A4,. The indecompos-
able action of H on A, now forces ZJ)C A,,s0 A, CA,. Since BN
A, CZK),m(BNA,)<2,whence m(BNA,)<2. But BNA, isH-n-
variant and so BN A, C Z(J), whence BN A, CBNB,=1. But B is
H-nvariant and A4, covers the unique nontrivial irreducible factor H-module of
A. Hence H must act trivially on B and we conclude that B C B, contrary
to BNB,=1.

Suppose next that J = L;(2™) for some m, in which case H acts irre-
ducibly on A, which has rank 2m > 4. As above, we have that H normalizes
K,A,,and B and that A, C A, or B. Moreover, if 4, C A, we reach the
same contradiction as before, since we again must have B N4, = 1. Thus 4,
CB andas A =AyB, with BN B, =1, we conclude that 4, = B.

Since H centralizes A/Ao, it follows now that H acts trivially on 4,.
Since H' is perfect, (2.20(iv)) and (2.21(vi)) imply that H centralizes K. Let
T, be a Sylow 2-subgroup of J containing A,. Then T, contains a second
elementary subgroup B* of the same rank as B = A, by (2.21) and if we set
A* = A, x B*, it follows as in the preceding lemma that A* satisfies the same
initial conditions as A and that Lemma 8.8 holds as well for A* as it does for
A. This means that C;(b) normalizes K for all b in B¥ U (B*)*. By
(2.21(i)) and (2.36(i)), I(Ty) = B U (B*)* and J =(Cy()1t € 1(T,)). Thus
J normalizes K, contrary to our choice of J.

Finally assume that J =PSp(4, 2™), in which case H acts indecomposably
on A, and A, possesses a single proper nontrivial H-submodule C,. Then
again H normalizes K, 4,,and B and considering the action of H on A/C,,
it follows that 4, C Cy4, or CyB. In the first case the indecomposable action
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of H on A, together with the irreducible action of H on C, force C, C
A ,whence Ay CA4,. If BN A, =1, we reach the same contradiction as be-
fore. However, this time there is a second possibility: namely, B N4, = C, =
Z(K)=E,, whence m = 2,K/Z(K)=L4(4),and A, =A,. Passing to 4, we
have that BN A, =1 and now we conclude that B C B, whence B C C,B,.
Since BN By, =1,and C, is an irreducible H-module, this forces B = C, and
so A=A, = A, contrary to the fact that 4 =4, x B, with B, # 1. Thus
Ay, C CyB and now the indecomposable action of H on 4, and BNB, =1
force the same conclusion 4, =B as before.

Now we can repeat the argument of the corresponding part of the preceding
case. With T,, B*, A* having the corresponding meanings and using (2.20) and
(2.21) we obtain that Cg(b) normalizes K for b in B* U (B*)* and that
1(T,) = B* U (B*)*. But now (2.36(i)) again implies that J = (C,(nlte
1(Ty)), so J normalizes K, again a contradiction.

Combining the last two lemmas we obtain as a corollary

LeEmMaA 8.30. We have J = L,(2™), Sz(2™),or U3;(2™), m = 2.

Thus it remains to treat the case in which J is a “Bender” group. In this
case H is the semidirect product of a Sylow 2-subgroup T, of J and a cyclic
group F of order 2™ —1 if J=L,(2™) or Sz(2™) and of order dividing
22m 1 if J = U5(2™), which acts transitively on A}‘f. Again H normalizes
each of K, A,,and B,so A, CA, or B and again the first inclusion leadstoa
contradiction. Thus Ay C B and again our conditions force 45 =B. If A =4, x
B, then necessarily 4; CB, andasalso A=A, xBy,=B. If A=A4, x B,
then necessarily 4, C B, and as also 4 = A, x B, we conclude that 4, =
B,. In the contrary case, BN A; = Z(K) has rank at most 2. Since F acts
irreducibly on B = A, the only possibility is that m =2 and B = Z(K),
whence A4 = A,. However, F centralizes A/A, = A/B andas F actson K
and K/Z(K) = L4(4), (2.21(vi)) implies that F centralizes K, contrary to the
fact that F acts nontrivially on Ay = Z(K'). Hence this case is excluded and
so we have proved

LeMMA 831. The following conditions hold:
(i) A9 =B and A, =By,
(i) ZK)=1 and A=A, xB.

LemMA 832. F centralizes K.

PrOOF. By the preceding lemma, Fcentralizes 4,. Since F actson K
and |F| is odd, by (2.20) and (2.21) either F centralizes K or K = U,;(2").
Hence it suffices to consider the latter case. Then T = 0,(Cx(4,)) is a Sylow
2-subgroup of K and T is F-invariant. Since x €B, =A4,, T centralizes x
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and so T C Cg(x), whence T actson L,. Now J isa component of L,
and A, =B CJ. Since T centralizes Ay, T leaves J invariant and so T
leaves T, = 0,(Cy(4,)) invariant. Since T centralizes A, it follows from
(2.20) that T, T = TOCTOT(J ). Thus F centralizes (T,T)/T,. However, T,
NT=1 as Q,(Ty) =44, ,(T)=By,and A, N B, =1. Thus T=T,T/T,
and as T is F-invariant, we conclude that F centralizes 7. But now we can
apply (2.20) to obtain that F centralizes K in this case as well.

By the lemma, K C C;(F) C Ng(F). We next prove

LEMMA 833. K is not normal in Ng(F).

PROOF. Assume false, in which case N,(F) normalizes K. But J =
(44, N;(F)) by (2.36(ii)) and so J normalizes K, contrary to our choice of J.

To complete the proof of Proposition 8.1, we shall now argue, to the con-
trary, that K is normal in Ng(F).

We first prove

LEmMA 834. If b €BY, then J =L,. In particular, C;(b) normalizes J.

PROOF. We have that J is a component of L, for some x in B} and
that B, C A € M(G), so J is a component of L, forany b in B} by
(2.37). Suppose L, has a second component L #J. Since A, =B CJ and
J centralizes L, it follows from Lemma 8.8 that L normalizes K. We know
that L is of even type or of type L,(5) and that L,(S) is evenly embedded in
L(G). Hence A NL € M(L) by (2.37). Clearly then A4 N L does not central-
ize L and as B centralizes L, we see that A, does not centralize L. Since
L/Z(L) is simple, this implies that [4,,L] =L. Butas A, CK and L
normalizes K, [4,,L] CK andso L C K. Therefore L C L(Cx(b)). On the
other hand, b € B, = A,. Considering the possibilities for K and noting that
Z(K) = 1, we conclude now from (2.26) that L(Cx (b)) = 1. This contradiction
established the lemma.

We next prove

LeEmMA 8.35. The following conditions hold:

(i) S normalizes both J and K;

() Cs((K,IN=1;

(iii) If m(J) < 3, then no element of S induces a nontrivial outer auto-
morphism of J.

PrROOF. Since S C Nj(A4), S normalizes K. Thus S normalizes 4, =
B, and consequently S centralizes some involution b of B,. But J < Cg(b)

by the preceding lemma and so S normalizes J as well. Furthermore J isa
component of L,. If m(J) <3, then either J = L,(4), L,(8), U;(4), U5(8), or
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Sz(8). Since L,(4) = L,(S) is evenly embedded in L(G), it follows from
(2.18) that no element of S induces a nontrivial outer automorphism of J.
Finally setting S, = Cg((K, J)), we have that S, < S, so either S5 =1 or §,
contains an involution z of Z(S). In the latter case,z €Z and so z € C,(K)
NC,J) =B NB,=1,a contradiction. Thus S; =1 and the lemma is proved.
We now set C=Cg(F),sothat CCG as F#1 and K CC by Lem-
ma 8.32. We have that T=SNK € S(K) and we let U be a Sylow 2-sub-
group of C containing T.

LemMA 836. U normalizes K and Cy(K)=1.

Proor. Since K is simple, the lemma holds if U =T, so assume UD T
and set ¥V = Ny(T), in which case also ¥ O T. We have that ¥ normalizes
Z(T)C A, =B, and so V centralizes an involution b of B,. But now Lem-
ma 8.34 implies that V¥ normalizes J. However, V' centralizes F and conse-
quently ¥ centralizes J by (2.20(vi)). But by the preceding lemma Cg(K) N
C;(J) has odd order and so Cp(K) =1. Since VO T and K is of even
type, it follows now from (2.18) that K= L,(2") and |V :T|=2. Since r=>
3, T is the unique abelian subgroup of index 2in ¥ (using (2.20(v))) and so T is
characteristic in V. Since V' =N (T), this forces ¥ =U and the lemma is proved.

Note that our argument actually yields that T is of index at most 2 in U,
with equality holding only if K = L,(2").

Finally we prove

LeEmMMA 837. We have K = L(C).

PrROOF. Set C = C/O(C). K acts faithfully on L(C)0,(C) by (2.8). As
[T < 21T, it follows easily that K C L(C) and L(C) is quasisimple. We
have that m(K) = r > 3, that K is of even type, and that T is of index at
most 2 in a Sylow 2-subgroup of L(C). Considering the various elements of K,
we conclude at once from (2.25) that either K = L(C) or K = L,(8) and
L(C) is of Ree type.

Consider the latter possibility, in which case K = L,(8) and r = 3, and
m(J) <3 by our maximal choice of K. Hence by Lemma 8.35 no element of
S induces a nontrivial outer automorphism of J. Thus § = Cg(J) x T, where
T, =SNJESW). But Cg(J) acts faithfully on K = L,(8) and conse-
quently Cg(/)=A, =T. Hence S=A4, x T, and as T, isa Suzuki 2-
group, it follows that £,(S) = A, x ©,(T,) is abelian. But then obviously
Q,(S) is strongly closed in S, contrary to Proposition 3.1. Therefore this case
cannot arise and we conclude that K = L(C).

Clearly to complete the proof of the lemma, we need only show that K
centralizes Y = O(C). But A, =B, actson Y andso Y =(Cy(b)|bEB}),
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whence Y normalizes J by Lemma 8.34. Since C = C;(F) and |F| is odd,
we have that FCY and Y centralizes F. It follows therefore from (2.20(vi))
that Y normalizes B. By Lemma 8.8 Y normalizes K whence [Y, K] C
KNY andso [Y,K] isnormalin K of odd order, forcing [Y, K] = 1.
Thus K centralizes Y and the lemma is proved.

By the lemma, K is characteristic in C;(F) and so K is normal in
Ng(F), contrary to Lemma 8.33. This at last completes the proof of Proposition
8.1.

9. The normalizer of the even 4-hull. At last we can attain the goal stated
in §4.
ProPOSITION 9.1. L(G) is empty.

By our earlier results, we are reduced to the case in which L,(G) is empty or
consists of an evenly embedded L,(5), 0(Cz(x)) =1 forevery x in I(G),and
L, = L(Cg(x)) is semisimple for every x in 1(G). Moreover, under the assumption
that L(G) is nonempty, we have shown in Proposition 8.1 that for some 4 in
M(G), the even A-hull

X, =(L,|x€4%)

is a nontrivial semisimple subgroup of G with the following properties:

(@ X, hasacomponent K such that r = m(K/Z(K)) is maximal among
the elements of L(G);

(b) The components of X, are elements of L(G; A);

(c) Every element of L(G;A) either liesin K or centralizes K.

We set M =Ng(X,). Asin §7, we shall derive a contradiction by showing
that M is strongly embedded in G, in which case (2.60) will imply that G is
a simple Bender group contrary to our choice of G as a maximal counterexample
to the Main Theorem.

Welet K=K,,K,,*** ,K,, be the components of X, for which
m(K,;/Z(K;)) =r, 1 <i<m,and denote their product by Y. Then Y isa
characteristic semisimple subgroup of X,. Since Ng(4) obviously normalizes
X, , this yields

LEMMA 92. We have Ng(A) C Ny (Y).

In particular, if S is any Sylow 2- subgroup of G containing A, it follows
that § C Ny (Y).

We also have

LemMMA 93. If L € L(G; A) and m(L/Z(L)) =r, then L =K, for some
i 1<i<m
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PrOOF. Since 4 € M(G) and K is a component of X, (2.37), applied
to the group X, A, implies that K is A-invariant and so K contains an element
x of A¥. Thus x centralizes any component F# K of X 4- By(),F isa
component of L, forsome b in A¥*. Hence by L-balance, FC L,. Thus X,
CKL, C X,. Now (c) yields that either LCK or LCL,.

Consider the latter case. We have that L is a component of L, for some
a in A*. Then L centralizes x and as (x, a) C 4 € M(G), (2.37) yields that
L lies in a unique component J of L,. Thus L C L(Cy(@)). On the other
hand, in the former case, L C L(Cy(a)).

Since the elements of L(G) are either of even type or isomorphic to L,(5)
and since r = m(L/Z(L)) = m(K/Z(K)) = m(J/Z({])), it follows now from (2.27)
that we have L = K or J, as the case may be. In either case we conclude that
L is a component of X, and the lemma follows.

We next prove

LEMMA 94. We have OM) = 1.

PrROOF. Setting D = O(M), it will clearly suffice to prove that D, =
Cp@=1 for a in A*. But as L, C Cy(a), L, normalizes D,. Since
O(L,)CO0Cz@)=1 and L, < C;(a), it follows that [L,,D,] CL,ND, =
1,s0 D, centralizes L,. Furthermore, if Q = 0,(C;(a)), then Q is A-in-
variant, so QA4 1is a 2-group and consequently @ normalizes 4. Thus Q CM
andso [Q,D,] CQNOM)=1. Hence D, centralizes Q aswell as L,.
But now (2.8) implies that D, = 1.

LEMMA 95. If a € A%, then L, = L(Cp)(@))-

PrOOF. Set J = L(Cy,31)@). Since L, CM, L, C L(Cy(a)) and as
OM) = 1, (2.41) implies that L, C L(M). It follows at once now that L, < J.
On the other hand, @ = 0,(C;(@)) C M as in the preceding lemma. Thus Q
normalizes L(M) and so normalizes J. But J normalizes Q as J C Cg(a)
and consequently [/, Q] CJ N Q C Z(J). The three subgroup lemma now
forces Q to centralize J.

Finally as L, < J, either equality holdsor J contains a component J,
which centralizes L,. However, as J, also centralizes Q, this contradicts (2.8).
Thus L, =J, as asserted.

We now choose S in S(G) with A CS and we set Z = Z(S). We
know that S C N,,(Y). We next prove

LEMMA 9.6. Every component of L(M) centralizes an involution of Z.

PROOF. S permutes the components of L(M). If there are at least two



SYLOW 2-SUBGROUPS OF CLASS TWO. I 97

S-orbits, we can write L(M) =L,L,, where L,, L, are each a nontrivial S-in-
variant product of components of L(M). Then ZNL;#1 and ZNL; cen-
tralizes L]-, i#j,1<1i, j<2. Clearly the lemma holds in this case. Hence we
can suppose that S acts transitively on L(M), which implies that L(M) =Y.

If Y=K,then K is S-invariant and Cg(K)# 1 as K centralizes some a in
A¥*. But Cs(K)<S and so C,(K) # 1; again the lemma holds. On the other
hand, by (2.13), every S-orbit consists of at most two components, so the only
other possibility is that ¥ = K K, and K,, K, have abelian Sylow 2-subgroups.
If Cg(Y)+#1,then C,(Y)+# 1 and again the lemma follows.

Assume finally that Cg(Y') =1, so that § acts faithfullyon Y and S =
T{x),where T is the subgroup of S leaving K, K, invariant and x inter-
changes K,,K,. Furthermore, K = K; = L,(2") as K has abelian Sylow 2-
subgroups and K is of even type or isomorphic to L,(5). If some element of
T induces a nontrivial outer automorphism of K, then §'NK#1. But ' NK
CZ(S)=Z and x centralizes Z,so x leaves K invariant, a contradiction. Hence
no such element exists and this implies that T=SN Y. Henceif T;=SNK,,
i=1,2,we have that § = (T, x T,){x) with x interchanging T, and T,. But
now as in Lemma 8.14 we can choose x to be an involution and consequently S =
E2 ~ E,, contrary to (2.74).

Recall that we have defined the even Q-hull X, = (L, Ix € 1(Q)) for any
subgroup @ of G. We can now prove

LeEMMA 9.7. We have X, = X, = L(M).

Proor. Since ZC A and X, < M, we have X, C X, < L(M).
Since 4 N X, # 1, any component M, of M notin X, must central-
ize some a in A¥, whence M, C L, C X, by Lemma 9.5 and the definition
of X,,a contradiction. Thus X, = L(M). Now Lemmas 9.5 and 9.6 and L-
balance imply that X, C X,,s0 X, = X, and the lemma holds.

The next lemma is crucial.

LEMMA 98, We have Xg =X ,.

ProOF. We must show that L, C X, for any x in I(S). Fix
such an x, set B = C,(x) and let J be an arbitrary component of L,.
We need only prove that J C X,. We have that B C Cs(x) and so B
actson L,.

Suppose first that either

(@ mB)=r+1 and J% L,(9) or

(b) m(B)=4 and J=L,(9).

If B normalizes J, then by (2.23),J centralizes some b in B¥. But then by
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L-balance,J C L, and as b € 4, it follows that J C X,. On the other hand,
if B does not leave J invariant, then by (2.12) and (2.13), the normal closure
V of J under the action of B consists of two components of L, and V=
(L(Cy(b))| b € B¥). Again L-balance and B C A yield that ¥ C X,. Since J
is one of the components of ¥, we conclude in this case as well that J C X 4~
Hence we can suppose that neither (a) nor (b) hold.

Assume next that x does not leave K invariant, in which case L =
L(CKK +(x)) is isomorphic to a homomorphic image of K by (2.12). The

proof of Lemma 9.6 shows, if Cg(KK*) =1, that § = Ez" ~ E,, contrary to

(2.74). Hence Cg(KK*)# '1 and it follows that KK* centralizes some z in
Z¥#. By Lemma 9.5 and our maximal choice of K, K and K* are then compo-
nents of L,. But then (2.43) implies that the normal closure W of L in L,
consists of one or two components and L = L(Cy,(z)). We shall argue that W C
X, and that A N W+ 1. Once this is proved, it will follow that J C X ,. In-
deed, either JC WC X, or J centralizes W, whence J centralizes a €
(W N A)* and again JC L, CX, by L-balance.

Since z € Z, we have that z € B. Also as m(4) = 5, we have that m(B)
> 3. If W consists of two components, then (2.12) and (2.13) imply that W
is B-invariant and that W = (L(C);,(0))|b € B*). Again L-balance applies to
give WC X, . On the other hand, if W consists of a single component, then
either W=L CL, CX, or z induces a nontrivial outer automorphism of W.
Since L(Cy,(2)) # 1, the only possibility is that W = L,(22") and L = L,(2")
for some n =>2. Butas L is isomorphic to a homomorphic image of K, we
must have n =r, whence m(W) > r, contrary to our maximal choice of K. We
conclude that W C X,. Furthermore,as 4 N K € M(K) and x normalizes
A N KK*, it is immediate that 4 N L # 1. Since L C W, it follows that 4 N
W # 1, so both our assertions are proved. Thus we can also assume without loss
that x leaves K invariant.

Now consider the case in which for some u in K,y =x" centralizes
A, =ANK andliesin S. We know that K centralizes z in Z¥ and it
follows now from the definition of 7 that A4,(z) has rank at least r + 1.
Since B, = C,(y) D A,(z), we have that m(B,) >r + 1. Furthermore, J*
is a component of L,. We argue next that also m(B,)=> 4. Clearly this is the
case if 7> 3, 50 assume 7 = 2, in which case K = L,(5), U3(4), or L,(9). As
y €S,y normalizes A;and as y = x%, y normalizes K. Thus y normalizes
A4, =C,(K). If m(4,)> 3, then m(CAz(y)) > 2;and since 4, x CAz(y) c
B,, we conclude m(B,)=>4. Thus we can also assume m(4,) < 2, which is
possible only if K = L,(9). In this case we apply (2.22) to conclude that K, =
Ny(,)=S, and that 4 =4, x Ay, where A, =C,(K,). Since y leaves
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both K, and A invariant, it leaves A, invariant and as m(4) = 5, we have
m(Ay) = 3. As in the case m(4,) > 3, this yields that m(B,) =4 in this case
as well.

We see then that condition (a) or (b) above holds with y, B, and J* in the
roles of x, B, and J, respectively. We can therefore apply the first portion of
the proof to conclude that J* C X,. Since u €K C X,,, it follows in this case
as well that JC X, .

We argue next that such an element y = x" exists if either x induces an
inner automorphism of K orif K = L,(9). Indeed set H=K(x), C=
Cy(K) and H=H/C. Cleartly SNH€E S(H) andso CCS. We have that
A, =ANKEMK) and using (2.16) we obtain that 4, € M(K). If x induces
an inner automorphism of K, then H =K and it follows from (2.31) that y =
x4 €4, forsome u in K. Butthen y =x¥ €A4,C forsome u in K. Thus y €
S and y centralizes 4,. On the other hand if K = L2(9) and x induces a non-
trivial outer automorphlsm of K,then SNH = SNK ) x w)=Dg x E, for
some w€E I(S N H) and x =wa for some 4 in I(SnK) But A 1 {w) contains
representatives of each conjugacy class of involutions of H and so there exists u €
K suchthat y =x* €S and y €4,(w). Thus y centralizes 4, in this case as
well.

We are thus reduced to showing that J C X, in the case that x induces a
nontrivial outer automorphism of K and K # L,(9). By (2.18), we have K =
L,(2). Again z centralizes K for some z in Z*. Then K is a compo-
nent of L, and x € Cy(z). Since L,(G) is either empty or consists of an
evenly embedded L,(5), we cannot have r =2. Thus r >4 and L = L(Cx(x))
# 1. Again by (2.43) the normal closure W of L in L, consists of one or
two components and L = L(C},(x)). As in the case that x does not leave K
invariant, we need only prove that W C X, and A N W#1 to reach the de-
sired conclusion J C X ,.

We have that 4, =A NK=E , and that B, = CAl(x) =E /- Inpar-
ticular, By CL C W and so 4 N W # 1. Furthermore, By x(z)CB. If W
consists of two components, then, as usual, (2.12) and L-balance imply that W C
X,. In the contrary case, we apply (2.36(iv)) to obtain likewise that W =
(L(C,/(0))| b € B¥) and again L-balance implies that W C X,. Thus W has
the required properties and so J C X, in this final case.

As a corollary, we have

LEMMA 99. If R is a subgroup of S containing Z, then
NeR)C M.

PROOF. We have X, C X, C Xg. However, X; = X, = Xg by Lemmas
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9.7 and 9.8 and we conclude that X, = X. But by definition of Xp, clearly
Ng(R) normalizes Xp. Since Xp =X, and M =Ng(X,), the desired con-
clusion Ng(R) €M now follows.

This in turn yields

LeEmMA 9.10. M controls fusion in S.

PROOF. We need only prove that N;(D) C M for each D in the Gold-
schmidt conjugation family D of (2.70). But ZC C;(D)C D C S for each D
in D and so the desired inclusions follow from the preceding lemma.

Now we can obtain our objective.

LeMMA 9.11. M is strongly embedded in G.

ProOF. We have N;(S) normalizes Xg =X, andso N;(S)C M.
Hence it will suffice to show that H = C;(x) C M foreach x in I(S). By
the preceding lemma, we need only treat the case in which x is extremal in S.
Hence if P = Cg(x), we can assume that P is a Sylow 2-subgroup of H. Let F
denote the inverse image of O,(H/L,) in H. Then F<H and F=LR,
where R =P NF is a Sylow 2-subgroup of F. By (2.52), we have that Z(P) C
R. Since ZC PCS, it follows that Z C Z(P) and hence, in particular, that ZCR.

By the Frattini argument, H = L, N;;(R). Lemma 9.8 implies that L, C
Xg =X, CM, while Lemma 9.9 yields that N;G(R)YCM as ZCRCS. Thus
HCM and the lemma is proved.

As pointed out at the beginning of the section, Lemma 9.1 leads at once to
a contradiction and so Proposition 9.1 is proved.
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